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Collecting diverse near-optimal samples
via nested Thompson sampling
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Self-driving laboratories (SDLs) that combine automated experiments with machine learning have
accelerated data-driven discovery. Although Bayesian optimization (BO) is widely used in SDLs to
autonomously propose experimental conditions, many real systems require sampling diverse near-
optimal candidates rather than identifying a single optimum. We propose nested Thompson sampling
(NTS), abatch BO method that enhances diversity by incorporating the concept of nested sampling. In
NTS, regions where the posterior exceeds a likelihood threshold are uniformly sampled, enabling
exploration of multiple promising regions while requiring only one hyperparameter, that is, the
threshold schedule. Benchmark studies using materials datasets demonstrated that NTS achieves
higher sample diversity than a conventional batch BO method. Furthermore, the application of NTS to
automated electrolyte exploration in an SDL successfully produced diverse experimental samples.
The NTS algorithm is implemented in the NIMO package, providing a practical framework for

autonomous and diverse materials exploration.

Research innovation is being driven by self-driving laboratories (SDLs),
which realize closed-loop experimentation by combining automated
experiments with machine learning-based experimental condition
proposals'”. As an algorithm for proposing next experimental conditions
without human intervention, Bayesian optimization (BO) is most com-
monly used and has been adopted in many SDLs*™"*. Furthermore, because
many automated experimental systems are capable of parallel experiments,
there is an increasing demand for batch BO'*", which simultaneously
proposes multiple experimental conditions. For example, as a conventional
batch BO method, Snoek et al.” proposed a sequential process, where the
scores near already selected points are reduced, theoretically encouraging
the selection of diverse points across the batch. This approach can be viewed
as a sampling-based extension of the kriging believer strategy proposed by
Ginsbourger et al.”!

When performing self-driving optimization in a completely unex-
plored experimental system, the true objective is not always to find only the
single optimal solution’**’. For instance, in materials science, materials with
slightly inferior performance but simpler fabrication processes, or those
with lower cost, are often more valuable candidates than the optimal one. In
such cases, the goal is to sample many near-optimal solutions with diverse
experimental conditions. To address this, batch BO using a determinantal
point process (DPP) is a promising candidate’ . DPP ensures diversity
among simultaneously proposed experimental conditions through Markov
chain Monte Carlo (MCMC)-based computations. Nevertheless, DPP-

based algorithms require the predefinition of many hyperparameters before
starting the closed-loop experiments, making their application to new
problems nontrivial. Therefore, a method capable of proposing diverse
samples with as few hyperparameters as possible is required in SDLs.

We propose nested Thompson sampling (NTS), a method that
achieves batch BO while maintaining sample diversity by incorporating the
concept of nested sampling. Nested sampling is a technique that gradually
“shrinks” the sample space by raising the likelihood threshold step by step,
and the only hyperparameter is the schedule for increasing this
threshold” . In NTS, first, models are sampled from the Gaussian process
used as the surrogate model in BO (Thompson sampling). Next, when the
likelihood exceeds the threshold, the posterior is treated as a constant value;
otherwise, it is set to zero (see Fig. 1). This enables sampling from multiple
peaks in a multimodal landscape, resulting in higher sample diversity.
Unlike conventional Thompson sampling, which selects the single point
maximizing the posterior function as the next experimental condition, NTS
uniformly samples the next experimental conditions from a broader region
where the posterior exceeds the threshold. Thus, batch BO with high
diversity can be performed by NTS.

In this study, we investigated three strategies for increasing the
threshold L, which is the only hyperparameter in N'TS: the top 10%, 5%, and
1% of previously obtained values were used as thresholds, named “con-
servative”, “moderate”, and “aggressive”, respectively. These thresholds are
commonly used in statistical hypothesis testing (e.g., 1%, 5%, and 10%
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Fig. 1 | Brief description of nested Thompson sampling (NTS). From the
Gaussian process (left panel), one model is sampled (Thompson sampling). In
conventional BO, the proposed point is determined by the maximum posterior
(middle panel). In NTS (right panel), the posterior takes a constant value when the
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Conditions are uniformly selected from these regions.

sampled function value is higher than L,, and becomes zero when it is lower than the
threshold value L,. Multiple conditions can then be uniformly selected from the
regions with constant and finite posterior values.
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significance levels) and provide a practical range for balancing exploration
and exploitation. To quantify the diversity of sampled conditions, we used
the metric #Circles’”. The definition of #Circles is as follows:

1

#Circles(S; d, 1) = max ICls.t. d(x;, x) > 1, Vo, xf € C i, (1)

where S = {x;,...%q} is the dataset of experimental conditions for near-
optimal samples, Cis a subset of S, and r is radius. Here, d(x;, x;) is a distance
metric between x; and x!. As r increases, multiple points become included in
the same subset, and thus the #Circles metric decreases monotonically with
respect to r (see Fig. 2). As shown in Fig. 2, in the case of dense data points
(left case), when the radius r is increased, a large number of points
immediately fall into the same subset, causing the #Circles to decrease
rapidly. In contrast, for diverse data points (right case), increasing r does not
immediately cause data points to fall into the same subset, and #Circles
metric bulges upward and lies in the upper-right part compared to the dense
case. Therefore, a function that bulges upward in the r-dependency of the
#Circles indicates that the dataset contains more diverse samples. To
quantify #Circles metric, we defined the area under the #Circles curve
(Circles-AUC) as follows:

I= / :0 #Circles (S; r)dr. 2)

A larger Circles-AUC indicates that more diverse near-optimal samples are
obtained.

We conducted a benchmark study using existing materials datasets:
melting temperatures of an alloy system™ and grain-boundary energies
calculated by first-principles calculations”. As a result, NTS was found to
produce experimental conditions with higher diversity compared to a
conventional batch BO method (Snoek et al.) implemented in the PHYSBO
package™. Furthermore, NTS demonstrated better optimization perfor-
mance than random sampling, confirming that it fulfills the motivation of
efficiently sampling many near-optimal and diverse samples. In addition,
we applied NTS to electrolyte discovery experiments using an SDL and
confirmed that diverse samples were successfully obtained in real experi-
ments as well. The NTS algorithm has been implemented in the NIMO
package, which is a software for SDLs and is available on GitHub (https://
github.com/NIMS-DA/nimo)***.

Results

Benchmark using materials datasets

We used the melting-temperature data of Al-Mg-Zn alloys™ and the
grain boundary energy dataset” as benchmark materials datasets. The
number of data points was 1326 and 17,232 for the former and latter
cases, respectively. The dimensionality of the search space was two
(compositions) for the melting-temperature dataset and three (grain
boundary structural descriptors) for the grain boundary energy dataset.
In the batch setting, the batch size was fixed at B = 3 and 24, respectively.
We evaluated the average simple regret and the #Circles metrics over five
independent trials with the same initial samples but different random
seeds, as shown in Fig. 3.
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Fig. 3 | Benchmark results on materials datasets. The melting temperature and
grain boundary datasets are used for a-c and d—f, respectively. Simple regret as a
function of cycle (a) and d), number of circles (#Circles) as a function of radius (b)
and (e), and Circles-AUC for near-optimal samples (c) and (f). Near-optimal

samples are defined as data points whose target values are greater than the 90th
percentile of the entire dataset. The lines represent the average value, and the shaded
area and error bars indicate the deviation from five independent trials.

NTS was computed under three operating modes. The simple regret
results (see Fig. 3a and d) showed that the conventional batch BO
(PHYSBO) outperformed random sampling and NTS for the melting-
temperature dataset, whereas for the grain boundary dataset, the optimi-
zation results were not significantly different from random sampling. To
compute the #Circles metric, it is necessary to define the criterion for “near-
optimal” points. Here, we assumed data points with target values greater
than the 90th percentile of the entire dataset as near-optimal. The radius
dependence of #Circles is shown in Fig. 3b and e, where NTS expands
toward the upper right, indicating that the obtained samples exhibit higher
diversity. Here, to evaluate #Circles, we used the Euclidean distance as a
distance metric. On the other hand, the results of the three NTS modes fall
within the error bars for both regret and #Circles over almost the entire
range of radii, suggesting that the overall differences among the modes are
small for these datasets.

We compared the Circles-AUC values of the “conservative” mode of
NTS, PHYSBO, and random sampling, as shown in Fig. 3c and f. NTS
yielded the highest values, confirming that the conditions sampled by NTS
were more diverse. Note that the results discussed in the Supplementary
Note A indicate that diverse sampling is maintained even when the batch
size is varied in the NTS method. Furthermore, from Fig. 3b, it can be
inferred that the aggressive mode is preferable when faster optimization is
desired, although the appropriate mode should be selected depending on the
objective of the exploration.

Electrolyte exploration in self-driving laboratory using NTS

In this section, we present results for electrolyte explorations using NIMS
automated robotic electrochemical experiments (NAREE)”. NAREE is a
system that enables high-throughput screening of electrolytes by utilizing a
microplate-type electrochemical cell. Electrochemical cells were fabricated
using LiFePO, as the positive electrode and Cu foil as the negative electrode.
Here, the objective function value was set to discharge time (sec). To
maximize the objective function, a combination of electrolyte additives was

optimized. Five different additives were selected from a list of 32 compounds
(Table 1) and injected into an electrochemical cell containing 1 M Lithium
bis(trifluoromethanesulfonyl)imide (LiTFSI) in propylene carbonate (PC).
The total number of experimental conditions is 3,Cs = 201, 376. To express
the experimental condition as a vector, 32 binary variables are used: A value
of 1 is set if the additive is used, and 0 if it is not. Consequently, for each
vector, the number of variables with a value of 1 is always 5. Since NAREE is
connected to some exploration algorithms through NIMO, the self-driving
electrolyte explorations without human intervention can be performed.
Thus, using NIMO, the closed-loop experiments of NAREE and NTS were
performed (see Fig. 4a). Note that for binary variables, the squared Eucli-
dean distance in the RBF kernel directly corresponds to the Hamming
distance, allowing the model to effectively capture similarities in discrete
spaces.

Batch size was set to B =48, and 10 independent cycles were conducted
using conventional batch BO ("PHYSBO” in NIMO) and NTS. As an initial
dataset, we selected 48 experimental conditions randomly. The NTS
exploration was performed in the “conservative” mode. The dependence of
the maximum value of discharge time on cycles is shown in Fig. 4b. From
these results, electrolytes whose discharge time was larger than 0.14 sec were
regarded as near-optimal. To examine the diversity of the near-optimal
samples, the #Circles metrics for the samples whose discharge time was
larger than 0.14 sec were plotted in Fig. 4c. Here, to evaluate #Circles, we
used the Hamming distance as a distance metric. The results of #Circles as a
function of radius obtained by NTS extend further toward the upper-right
region compared with those by conventional batch BO, indicating that the
samples generated by NTS possess higher diversity than conventional batch
BO. In Fig. 4, the Circles-AUC values are also shown, indicating that the
diversity of samples by NTS is higher than that by conventional batch BO.
Figure 4d also shows a two-dimensional mapping of the near-optimal
samples using t-SNE, where the NTS samples exhibit a more widely spread
distribution. These results demonstrate that, while conventional batch BO
methods often prove insufficient, near-optimal sampling can be achieved
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Table 1 | 32 additives used in electrolyte exploration in a self-
driving laboratory

No. Solution

-

1M Lithium bis(pentafluoroethanesulfonyl)imide in PC

2 1M Lithium bis(fluorosulfonyl)imide in PC

3 1M Lithium trifluoromethanesulfonate in PC
4 1M Lithium tetrafluoroborate in PC

5 1M Lithium hexafluorophosphate in PC

6 1M Lithium difluoro(oxalato)borate in PC

7 1M Lithium perchlorate in PC

8 50vol% Dimethylsulfamoyl fluoride in PC

9 0.1M Lithium bis(pentafluoroethanesulfonyl)imide in PC
10 0.1M Lithium bis(fluorosulfonyl)imide in PC
11 0.1M Lithium trifluoromethanesulfonate in PC
12 0.1M Lithium tetrafluoroborate in PC

13 0.1M Lithium hexafluorophosphate in PC

14 0.1M Lithium difluoro(oxalato)borate in PC

15 0.1M Lithium perchlorate in PC

16 5vol% Dimethylsulfamoyl fluoride in PC

17 50vol% Trimethyl phosphate in PC

18 50vol% Triethyl phosphate in PC

19 50vol% N-methyl-2-pyrrolidone in PC

20 50vol% Tetraethylene glycol dimethyl ether in PC
21 50vol% Dimethyl sulfoxide in PC

22 50vol% 1,3-Propane sultone in PC

23 50vol% 2-Propynyl methanesulfonate in PC
24 50vol% Sulfolane in (1M LiTFSI in PC)

25 5vol% Trimethyl phosphate in PC

26 5vol% Triethyl phosphate in PC

27 5vol% N-methyl-2-pyrrolidone in PC

28 5vol% Tetraethylene glycol dimethyl ether in PC
29 5vol% Dimethyl sulfoxide in PC

30 5vol% 1,3-Propane sultone in PC

31 5vol% 2-Propynyl methanesulfonate in PC
32 5vol% Sulfolane in (1M LiTFSI in PC)

with NTS in self-driving laboratories, even though the only hyperparameter
that needs to be specified externally is the exploration mode.

Discussions

To efficiently collect many near-optimal samples, the nested Thompson
sampling (NTS) method was proposed. This method supports a batch
approach, making it suited for high-throughput parallel experimentation.
Using materials datasets, we confirmed that the NTS method can obtain
samples with higher diversity than conventional batch Bayesian opti-
mization (BO). We then conducted automated electrolyte exploration by
combining NTS with robotic electrochemical experiments, which suc-
cessfully produced diverse samples in real-world experiments. Rather
than focusing solely on the rapid identification of a single global opti-
mum via conventional BO, a strategy that explores a diverse set of near-
optimal candidates using NTS offers significant advantages in materials
discovery. In this field, it is rarely the case that a single target property
determines the overall excellence of a material. In practice, multiple
competing factors, such as synthesis cost, stability, and environmental
impact, must be balanced. Therefore, identifying a diverse set of near-
optimal candidates is a more robust strategy. This approach enables the
selection of the most suitable candidates from a broad pool of high-

performing options, accounting for secondary criteria that may not be
explicitly included in the automated optimization cycle.

The NTS method has been implemented in the NIMO package,
enabling seamless integration into robotic experimental systems. By com-
bining self-driving laboratories (SDLs) with NTS, it becomes possible to
acquire numerous near-optimal samples, from which users can select the
most suitable conditions according to their objectives, such as prioritizing
simpler processes or lower costs. This new approach is expected to be highly
compatible with SDLs, which can perform extensive experiments without
human intervention, and we believe it will drive significant innovation in the
research process.

Methods
Nested Thompson sampling
Nested sampling was originally proposed for high-dimensional integration
in Bayesian inference””. It has demonstrated success in a wide range of
applications, including cosmology and particle physics'"*’. Starting from
randomly initialized points, the nested sampling algorithm progressively
restricts the search space to more promising regions by replacing low-
performing members of the population with higher-performing ones. In the
presence of multimodality, the algorithm can simultaneously track multiple
peaks, thereby promoting the generation of solutions with greater diversity.
By incorporating the idea of nested sampling into black-box optimi-
zation, it becomes possible to collect diverse near-optimal samples. In our
algorithm, Thompson sampling is employed to define a constrained pos-
terior distribution that determines the next proposals, which we refer to as
nested Thompson sampling (NTS). A Gaussian process (GP) is a probability
distribution where a function f{x) corresponds to the realization of a random
variable”. The fundamental idea of GP is that a function gives similar
outputs for similar inputs: the similarity between f(x;) and f(x;) is close to
that of x; and x,. To measure the similarity between x; and x,, a kernel
function is needed. In this work, a popular radial basis function (RBF) kernel
was adopted. In Gaussian process (GP) regression, GP(f]D,) models the
function f(x) as a probability distribution, allowing one to infer the likely
shapes of the underlying function from the observed dataset
D, ={(x,51),---, (x‘Dt‘,let‘)}. In BO using Thompson sampling, a
function is sampled from the posterior GP distribution GP(f|D,), and the
next proposal is determined by the maximum of the sampled function.
Instead of maximum distribution, we consider a constrained posterior
distribution 7,(x), which is defined as the probability that x yields a function
value exceeding a threshold L,. Then, m,(x) is given as

(%) o Eﬁcpmo,) {]ﬂx) . L,(x)] ; (3)

where L, is a threshold andf(x) is a sampled function from GP regression.
1,(x) is indicator function defined as

x€eA

1A(x)={; e @

In addition, [~
f~GP(fID,)

posterior GP. Thus, m,(x) is given by the sample average of the indicator
function. In our implementation, the number of generated samples is fixed
as 100. In NTS, multiple candidates are generated by sampling from the
constrained posterior distribution 7,(x), enabling simultaneous exploration
of the diverse solution space. Algorithm 1 describes the whole procedure.

[-] is approximated by the sample average from the

Algorithm 1. Nested Thompson sampling
1: Procedure NTS
2: DO <~ {(x17y1)1"'1(x|D0\7y\DU\)}
t<0
repeat
compute Gaussian process posterior GP(f |D,)
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Fig. 4 | Exploration of electrolytes using the NAREE system and the NTS method.
a Workflow of the exploration process without human intervention. b Objective
function values (discharge time (sec)) as a function of cycle obtained by PHYSBO

and the NTS method. ¢ Number of circles (#Circles) as a function of radius.
d Dimensionality reduction results for near-optimal samples obtained using t-SNE.
Near-optimal samples are defined as those having target values greater than 0.14.

6: select a threshold L,

7: perform Thompson sampling multiple times and con-
struct 7,(x)

8: sample the next batch B = {x\V,... x**#} by drawing i.i.d.
samples from 7,

9: Dp < {(x, f (x))|x € B}

10: Dy ¢ D,UDg

11: t<t+1

12:  Until until the predetermined number of cycles is reached

To determine the value of L, we proposed three strategies termed
“conservative”, “moderate”, and “aggressive”, which represent the only
hyperparameter in NTS. In these strategies, the top 10%, 5%, and 1% of
previously obtained values were used as L,, respectively. Consequently, L, is

monotonically increased with each cycle.

Calculation of #Circles Metrics

As a measure of the diversity of near-optimal samples, we adopted
the #Circles metric that is currently proposed for evaluating the
diversity of chemical space’”, which is defined in Eq. (1). The
#Circles metric corresponds to the packing number in graph theory™.
In practice, one can construct an undirected graph G = (V, E) by
adding an edge between x;,x; € S if d(x;, x}) <r. The #Circles metric
can then be obtained by computing a maximal independent set of G
using any graph software. In this work, we employed the max-
imal independent set method of NetworkX 3.4.2* to com-
pute the #Circles metric.

Implementation in NIMO

We implemented the NTS algorithm in NIMO**. NTS can be applied

through the nimo. selection function as follows
nimo.selection (method = "NTS", input file = “can-

didates.csv”, output file “proposals.csv’, num_ob-

jectives 1, num proposals 48, sample mode

“conservative”)

The candidates are stored beforehand in candidates. csv,and the
proposals are saved to proposals . csv. Subsequently, experiments will
be conducted according to the experimental conditions listed in propo-
sals.csv. The parameter sample mode specifies the strategy to con-
trol a threshold L,, where “conservative”, “moderate”, and “aggressive” can
be selected. If the data contains significant noise, using the “aggressive”
mode with a strict threshold from the early stages may lead to the omission
of promising regions. Conversely, since the threshold increases mono-
tonically even in “conservative” mode, it is essential to prepare a sufficient
amount of initial data to ensure that potential candidate regions are not
overlooked.

Data availability
The datasets generated and analyzed during the current study are available
in the GitHub repository at https://github.com/shibukawar/nimo.

Code availability
The code supporting the findings of this study is available from the GitHub
https://github.com/shibukawar/nimo.
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