Non-Hermitian corner skin effect in a two-dimensional photonic crystal
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We numerically study topological effects of electromagnetic (EM) waves in a two-dimensional (2D) non-
Hermitian photonic crystal (PhC) composed of lossy magneto-optical materials. In this system, not only the EM
wavefunctions but also the complex eigenfrequencies exhibit nontrivial topological properties. We demonstrate
that the non-Hermitian skin effect, protected by point gaps in the complex eigenfrequency spectrum, emerges at
both the edges and corners of truncated structures. This phenomenon has no counterpart in Hermitian systems.
In addition, we identify non-Hermitian topological edge states originating from the nontrivial topology of the
bulk bands. While most previous studies of non-Hermitian topology have focused on tight-binding models, our
work addresses a continuous photonic system, providing a more realistic platform and offering a concrete route

toward experimental realization of non-Hermitian effects.

I. INTRODUCTION

Topological material is a class of quantum materials whose
physical properties are characterized by topological invari-
ants. Prominent examples include topological insulators [1—
6], topological photonic crystals (PhCs) [7-12] and topolog-
ical acoustic materials [13—16]. Topology provides a math-
ematical framework for classifying lattice systems according
to whether their wavefunctions can be continuously deformed
into one another. This framework is formalized by topological
band theory [17], which has played a central role in the study
of topological materials over the past decades. According to
topological band theory, topological materials are insulating
in the bulk while supporting conducting states at their bound-
aries. These boundary states are protected by the nontrivial
topology of the bulk wavefunctions [18-22]. This theory was
originally developed for Hermitian systems. Recently, it has
been extended to non-Hermitian systems [23-26], where gain
and loss naturally arise due to coupling to the environment.
Photonic systems are particularly attractive platforms for re-
alizing non-Hermitian physics, as gain and loss can be readily
engineered in PhCs [27-29].

There are several differences between topological band the-
ory for Hermitian and non-Hermitian photonic systems. In
Hermitian systems, the emergence of band gap in eigenfre-
quency spectrum is very important to classify topological
properties [17]. On the other hand, the definition of band gap
is generalized to point gap, line gap, etc., in non-Hermitian
systems [23, 25, 26, 28]. Studies of non-Hermitian topologi-
cal band theory have revealed the non-Hermitian skin effect,
in which a macroscopic number of eigenstates in the finite
system become localized at its boundaries [30—35]. These
states are associated with point gaps in the complex eigen-
frequency spectrum and are protected by the nontrivial wind-
ing of complex eigenfrequencies in the complex plane. This
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phenomenon is unique to non-Hermitian systems and has no
Hermitian counterpart. On the other hand, similar to Hermi-
tian systems, topological properties of bulk wavefunctions in
non-Hermitian systems are characterized by complex Berry
phase [36—41], which can be quantized or non-quantized de-
pending on the symmetries of systems [37, 42, 43].

To date, the non-Hermitian skin effect is widely studied
in both tight-binding models and PhCs. However, most of
them focus on the first-order skin effect, where the local-
ization is guaranteed by point gap of complex bulk eigen-
frequencies. Studies on the second-order skin effect, where
the localization emerges at corner of finite structures, are still
limited. Some studies proposed the second-order skin effect
based on Benalcazar-Bernevig-Hughes model [44, 45], where
positive/negative hoppings parameters are required for for-
ward/backward directions. This model has not yet been re-
alized experimentally. Besides, corner skin modes are numer-
ically observed in a two-dimensional (2D) PhC with gain and
loss under magnetic field [46, 47]. To experimentally realize
non-Hermitian effects, further materials design and theoreti-
cal calculations are required.

In this paper, we theoretically design a 2D non-Hermitian
photonic crystal made of magneto-optical materials that break
inversion, mirror, and time-reversal symmetries. The first-
order non-Hermitian skin effect is numerically observed,
which is protected by non-trivial winding of the complex bulk
eigenfrequencies. Furthermore, non-Hermitian topological
edge states are also obtained in the line gap between the first
and the second bands. We numerically calculate the complex
topological phases of the bulk wavefunctions, which is consis-
tent with the emergence of topological edge states. Complex
eigenfrequencies of these topological edge states also form
point gap in the complex plane. This point gap is responsi-
ble for the emergence of the second-order non-Hermitian skin
effect at the corner of finite structure. Our results provide
essential insights into non-Hermitian topological states and
represent a step toward the experimental realization of non-
Hermitian effects.
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II. THEORETICAL BACKGROUND

Before studying non-Hermitian properties of a 2D PhC sys-
tem, in this section, we give a brief review of theoretical back-
ground. In general, eigenfrequencies of a non-Hermitian sys-
tem are complex numbers. Assuming the lattice constant is
a = 1, there are two possible cases of one-dimensional (1D)
non-Hermitian band structure [30]. The first case is called re-
ciprocal band structure, where @ (k) = ®(—k) as shown in Fig.
1(a). This band structure becomes a curved line, which is of-
ten called trivial loop in the complex plane as denoted in Fig.
1(b). On the other hand, when (k) # @(—k), band structure
will form a closed loop (nontrivial loop) in the complex plane
as shown in Figs. 1(c) and (d). The area inside the closed loop
is called point gap. To analyze properties of the point gap, the
winding number is involved and defined as [30]

1 T
T [ﬂ&karg(a)(k) — awo)dk, (1

where @ denotes the complex eigenfrequency of a given band,
k is wave vector, @) is any frequency in the complex plane.
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FIG. 1. (a) Schematic of a 1D reciprocal complex band structure,
where ®(k) = @(—k). (b) The complex eigenfrequencies in (a) form
a curved line (trivial loop) in complex plane. (c) Schematic of a 1D
nonreciprocal complex band structure, where (k) # w(—k). (d)
The complex eigenfrequencies in (c) show a closed loop (nontrivial
loop) in complex plane.

In Eq. (1), the winding number w is the number of times
that complex eigenfrequencies wind around point @y when k
is varied in the first Brillouin zone (BZ). For any point in-
side the point gap, the winding number is nonzero. According
to the above analysis, the necessary condition for obtaining a
nontrivial point gap in 1D system is @ (k) # @(—k). This cor-
responds to the broken inversion symmetry in real space and
broken reciprocity [30]. For 2D systems, where the angular
frequencies are defined by @(ky, k), the integration in Eq. (1)
is taken along one direction in k-space, the winding number
will depend on the k-points in the other direction. For exam-
ple, the ky-dependent winding number is defined as follow

1 T
wiky) = 5 /_ arg(@(keky) — @)k (@)

In this case, to achieve non-trivial loop, the necessary con-
dition is @(ky,ky) # @(—ky,ky). This means that the mirror
symmetry with respect to k, = 0 axis and/or the reciprocity of
system are broken [30].

It is mentioned in several studies that the non-zero winding
number of the bulk band structures are responsible for high
concentration of EM waves at the edges of truncated struc-
tures [23, 32, 33, 35]. In particular, if complex eigenfrequen-
cies of infinite periodic systems form point gap in the com-
plex plane, those of their truncated structures, which have at
least one open boundary, will be within the point gap. Their
field distribution are concentrated at the open boundaries and
decay to the bulk region. These phenomena are called non-
Hermitian skin effect, which is unique in non-Hermitian sys-
tems without Hermitian counterpart. To elucidate the origin of
this effect, note that when the complex eigenfrequencies ex-
hibit point gaps (Fig. 1(d)), a single real eigenfrequency cor-
responds to two distinct imaginary eigenfrequencies, which
in turn correspond to two k values with opposite signs. This
means that, at the open boundaries, the incoming waves and
reflected waves have different decay rates. When the reflected
waves decay more slowly than the incoming waves, the skin
effect emerges because residual energy accumulates at the
boundary. On the other hand, when no point gap is present
(Fig. 1(c)), each real eigenfrequency is associated with a sin-
gle imaginary eigenfrequency. This complex eigenfrequency
then maps to two opposite k values, resulting in identical de-
cay rates for the incoming and reflected waves and thus no
skin effect is observed.

III. THE FIRST-ORDER NON-HERMITIAN SKIN EFFECT
AND TOPOLOGICAL EDGE STATES

In this section, based on the theoretical background in sec-
tion II, we will design a 2D non-Hermitian PhC, which ex-
hibits the non-Hermitian skin effect at both 1D edges and 0D
corners. Our PhC structure is made of magneto-optical mate-
rials, where non-symmetric blocks are arranged periodically
in air medium. Figure 2(a) is the schematic of a square unit
cell with lattice constant is ag. Inversion symmetry and mir-
ror symmetry with respect to x and y direction are broken in
this PhC. We assume that the magnetization of materials is
parallel to the z direction. Therefore, its relative permittivity
is [48, 49]

4.2—-0.6i =5 0
€= Si 42-0.6i 0
0 0 1

; 3)

In Eq. (3), the diagonal terms represent the actual complex
relative permittivity of the materials, while the off-diagonal
terms denote the strength of the nonreciprocity. We note here
that, the main results are robust over the broad parameter
range, as long as the point gap is preserved.

To numerically determine photonic band structure and
topological properties of this non-Hermitian PhC, we use the
finite-element method from COMSOL Multiphysics and the
extended plane-wave expansion method [50]. Throughout this
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FIG. 2. (a)Schematic of one unit cell of investigated 2D non-
Hermitian PhC. (b) k-dependent dispersion of real part of eigenfre-
quencies, showing a complete band gap between the first and the sec-
ond bands. (c) Schematic of a super cell for ribbon structure, which
is periodic along y direction and finite in x direction. (d) Photonic
band structure for the structure in (c). Topological edge states (green
color) are numerically observed above the first bulk band. (e) Field
profile of the topological edge states marked by colored stars in (d).

paper, the transverse electric (TE) waves, where electric field
is parallel to the xy plane and the magnetic field is perpendic-
ular to xy plane, will be considered. The dependence of the
real part of eigenfrequencies on wave vectors Kk is shown in
Fig. 2(b). There is a band gap between the first and the second
lowest bands. In Fig. 2(c), we show a super cell consisting of
20 and 1 unit cell in x and y directions, respectively. In order
to examine ribbon structure, the periodic boundary condition
is applied to the upper and lower boundaries, the perfect mag-
netic conductor (PMC) boundary condition is imposed on the
left and right boundaries. Photonic band structure for the rib-
bon is shown in Fig. 2(d) as the k,-dependence of the real part
of eigenfrequencies. Since the permittivity tensor is asym-
metric, system becomes nonreciprocal, leading to the non-
equivalence of two boundaries on the left and right sides of
the ribbon structure. Therefore, two separated edge states col-
ored in green are numerically observed above the first bulk
band, where one state is the edge states on the left side and
the other one is the edge state on the right side as shown in
Fig. 2(e). Origin of these two edge states will be studied in
the next section.

In Fig. 3, we extract the complex eigenfrequencies of both
infinite and ribbon structures at several fixed values of k,
and plot them in the same complex plane. For the infi-
nite structure, which is periodic in both the x and y direc-
tions, the eigenfrequencies (black dots) at one fixed k, and
ke € [—m/ag,m/ag] form closed loops. On the other hand,
the eigenfrequencies of the ribbon structure, subject to a PMC
boundary condition on the left and right boundaries and peri-
odic boundary conditions along the y direction, are indicated
by red plus signs, which form arcs. It is evident that the eigen-

frequency spectrum of the ribbon structure lies predominantly
within the region enclosed by that of the infinite structure. As
discussed in section II, any point located inside the point gap
is associated with a nonzero winding number. Therefore, any
eigenfrequencies of semi-infinite structure that lie within the
loops will possess a nonzero winding number. These states
exhibit skin effect, where EM waves are highly localized at
the boundaries of the ribbon structures as shown in the bot-
tom panels of Fig. 3. The skin effect can be described within
non-Bloch framework by complexifying the wave vectors; see
Appendix A for details. From the topological point of view,
the non-Hermitian skin effect is topologically protected by
nonzero winding number. This skin effect may emerge at the
left or right boundaries as shown in the field profile in Fig. 3,
which depends on the sign of winding numbers. For exam-
ple, at apk, = —0.57, the winding number for both the first
and second bands is 1, skin effect emerges at the left bound-
ary. Meanwhile, the winding number for both the first and
second bands at apk, = 0.57 is —1, skin effect occurs at the
right boundary. The winding number of point-gap is gener-
ally k,-dependent except only some certain intervals such as
ky = 0,47 /ag. Their sign flip is reflected by the sign change
of the complex geometrical phase as shown in the next section
and in Fig. 4(a).

In Fig. 3, we present the complex eigenfrequency spec-
tra under periodic boundary conditions along the y-direction.
Identical spectra are obtained when periodic boundary con-
ditions are applied along the x-direction. There are, how-
ever, differences in the spatial localization of the skin effect.
Specifically, if the skin effect appears at the left (right) bound-
aries when the system is truncated along the y-direction, the
corresponding localization shifts to the upper (lower) bound-
aries when the system is truncated along the x-direction.

We note here that the skin effect in non-Hermitian PhCs
is the effect where a macroscopic number of bulk eigenstates
become localized and decay exponentially at the boundaries
under open boundary conditions. The eigenfrequencies of the
skin modes are within the bulk regions. In addition with the
skin modes, there is also other edge states with the eigenfre-
quencies in the gap regions as shown in Fig. 2(d). These edge
states may originate from nontrivial topology of the bulk as
the non-Hermitian counterpart of the Hermitian topological
edge states. To confirm this statement, we will numerically
calculate topological phase of the first bulk band.

IV. NON-HERMITIAN GEOMETRICAL PHASE

Topological phase of 2D systems is characterized by the
Zak phase [18] or the Wilson loop [51], which is the geomet-
rical phase acquired by eigenstate when it is transported along
a path of BZ. In the Hermitian band theory, the Berry connec-
tion is defined as

Ank = i<unk‘(9k |unk>a (4)

where w, is the periodic part of the Bloch wave functions
H,,(r) = u,k(r)e®T, n is band index, k = (ky,ky). In Eq. (4),
the bra (u,x| and the ket |u,x) are the complex conjugate
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FIG. 3. Photonic band structure for the infinite structure (black) and ribbon structure (red) at agky, = —0.57 (left panel), apky = 0 (middle panel)
and agky = 0.57 (right panel). The green arrows denote the winding direction (clockwise or anti-clockwise) when ky is varied from —7/ag to
7 /ap. Number 1 and 2 indicate band indices.The lower panels are field profile of the states labeled by green stars in the corresponding band
structures. The states enclosed by the point gap exhibit skin effect, where EM waves are highly localized at the boundaries of structures.

of each other. Also, they are the left and right eigenvectors
of the eigenvalue equation, respectively. If systems are non-
Hermitian, the Eq. (4) becomes ambiguous since the left and
right eigenvectors of the eigenvalue equation are distinct [28].
In non-Hermitian systems, the Berry connection is defined
as [28, 52]

A% = iu& |okuby), )

where o, 8 € L,R denote left (L) or right (R) eigenvectors.
Since (ud% | and [u% ) are not the complex conjugate of each
other in general, the Berry connection becomes complex.
Therefore, the total Berry phase (geometrical phase) is also
complex, which is calculated by integrating the Berry connec-
tion over a closed path (L) of the first BZ.

_ [ ach
B = 7{ AL,

In our study, we create a ribbon structure, which is periodic
in y direction and finite in x direction. The isolated edge states
in the band gap are paralleled to the y direction. Therefore,
we will calculate the Berry phase in y direction (often-called
the Zak phase) as follow

") = [

—T/agy

(6)
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Applying the numerical calculation method and the gauge
smoothing process described briefly in Appendix B and de-
tailedly in ref. [42], we obtained the complex geometrical
phase in y direction for the first lowest band as shown in
Fig. 4(a). The red and blue dot lines indicate the real and
imaginary part of geometrical phase, respectively. It is the fact
that the first point (apky, = —7) and the last point (apky, = 7) of
the first BZ are equivalent, the value  and —7 of the geomet-
rical phase are also equivalent. Therefore, the coordinate sys-
tem in Fig. 4(a) is equivalent to a torus as shown in Fig. 4(b)

geometrical phase
o
..“

FIG. 4. (a) Complex geometrical phase in y direction of the first band
of investigated 2D non-Hermitian PhC. Red dots indicate real part of
geometrical phase, blue dots denote imaginary part of geometrical
phase. (b) The coordinate system in (a) is equivalent to a torus under
periodic boundary condition. (c) The real and imaginary part of the
complex geometrical phase are represented by red and blue lines on
the torus.

under periodic boundary condition for the Bloch states. We
define the winding of geometrical phase as

1
Vo= o ffi O YR (k) @®)

By using Eq. (8), we obtained the winding number for the
real and imaginary part of complex geometrical phase is 1
and 0, respectively. We describe the winding properties of the
complex geometrical phase on the torus as shown in Fig. 4(c).
While the real part (red line) winds once along the torus,
the imaginary part (blue line) changes smoothly without any
winding. Since the Chern number is consistent with this wind-
ing number [53, 54], the Chern number for the first lowest
band of our investigated PhC is 1. This is responsible for the
emergence of edge states above the first bulk band shown in
Fig. 2(d).



V. CORNER SKIN EFFECT

In this section, we numerically study the second-order skin
effect. A finite structure which consist of 20 x 20 unit cells
with PMC boundary condition in both x and y directions are
investigated as shown in Fig. 5(a). For the ribbon structure
in Fig. 2(c), its photonic dispersion are indicated by the black
dots in Fig. 5(b). In the inset, we enlarge the region that is
closed to the first band. There is a crossing point of the topo-
logical edge states in this region. It is easily seen that the
topological edge states form point gap in the complex plane.

The photonic dispersion of finite structure in Fig. 5(a) is
plotted as red plus sign in Fig. 5(b). The states within the
point gap exhibit corner modes, where EM waves are highly
localized at the corners and decay exponentially. It can also be
understood that all of the topological edge states of the semi-
infinite structure are collapsed to corner skin modes when the
structure is truncated in both directions. It is evident that the
top (bottom) and left (right) boundaries share the same geo-
metrical structure. Although PMC boundary conditions are
imposed on all boundaries of the finite structure, the point gap
arises from topological edge states associated with two dis-
tinct boundary geometries. Therefore, corner modes are only
observed at the top right and bottom left corners as shown
in the first four panels of Fig. 5(c). At the frequency of
the crossing point, the extended topological edge states hap-
pen as shown in the last panel of Fig. 5(c). This exception
arises because at the crossing point, one state corresponds
to the positive-k mode localized at the right (bottom) bound-
ary, while the other corresponds to the negative-k mode local-
ized at the top (left) boundary. Consequently, at the corner,
the incoming and reflected waves have identical decay rates,
thereby canceling the skin effect.

To distinguish from the topological corner states in Hermi-
tian systems, these corner states are called corner skin states,
which are protected by the point gap of the investigated pho-
tonic system. This means that whenever the point gap emerges
among topological edge states, the corner skin effect happens.
While the number of topological corner states is limited and
depends on the number of corners in each specific structure,
the number of corner skin modes is much larger than that of
topological corner state and depends on the system size. We
conclude that the emergence of point gap in the edge-state
spectrum is the condition for the corner skin effect, as double
truncation causes these edge states to collapse and accumulate
at the corner.

VI. SUMMARY AND CONCLUSIONS

In summary, we have theoretically designed a 2D non-
Hermitian photonic crystal and numerically investigated the
skin effect and topological states of electromagnetic waves.
Owing to the absence of inversion and mirror symmetries as
well as broken reciprocity, complex eigenfrequencies exhibit
point gaps in the complex plane, which protect the emergence
of the non-Hermitian skin effect at the edges of truncated
structures.

Furthermore, we demonstrated that topological edge states
arising from a nonzero Chern number also form point gaps
in their complex eigenfrequency spectra. These point gaps
give rise to the second-order non-Hermitian skin effect, where
electromagnetic waves become localized at the corners of fi-
nite structures. Unlike conventional topological edge or cor-
ner states, the skin modes appear over broad frequency range
and scale with system size. Our results provide a realistic
photonic platform for exploring higher-order non-Hermitian
topology and may stimulate future experimental studies.
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APPENDIX A: USING COMPLEX WAVE VECTORS TO
DESCRIBE SKIN MODES

In this Appendix, we present a practical method for obtain-
ing complex wave vectors (a non-Bloch implementation) in
2D continuous photonic systems. EM waves propagating in
PhC systems are mathematically described by the Bloch band
theory, which includes a periodic term and a plane wave term
with real wave vectors H,,(r) = u,(r)e®. Following Bloch
band theory, the band structure of a finite large system can
be reproduced by using one unit cell with periodic bound-
ary condition. However, in a truncated non-Hermitian sys-
tem, a macroscopic number of bulk states are not extended
throughout the entire structure. They become localized at
the boundaries and exponentially decay. Moreover, it is eas-
ily seen in Fig. 3 that the eigenfrequencies of one unit cell
with periodic boundary condition (black) and the eigenfre-
quencies of the structure with two PMC boundaries (red) are
distinct. Therefore, the conventional Bloch band theory with
real wave vectors Kk is not suitable to describe the skin modes.
To ensure the mathematical formulation accurately captures
the physics, the localization and decay properties of skin ef-
fect will be expressed using complex wave vectors k instead
of real ones. This framework corresponds to the non-Bloch
band theory [55, 56].

In our investigated ribbon structure, the skin effect emerges
at the two boundaries paralleled to y direction. EM waves de-
cay in x direction and extend in y direction. Therefore, we
assume that k, is complex k, = k' + ik™ and ky is real as
normal. We note here that both k° and k, take values from
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FIG. 5. (a) Schematic of investigated finite structure, system size is 20 x 20 unit cells. PMC boundary condition is applied to all four
boundaries. (b) Photonic dispersion in the complex plane of the finite structure (red) in (a) and semi-infinite (black) in Fig. 2(c). The inset
shows enlarged figure of the region enclosed by the blue dot line. The topological edge states form loop in complex plane and encloses
the complex eigenfrequencies of the corner modes. (c) Field profile of the corner skin modes labeled by the stars in (b) and the extended

topological edge states labeled by the magenta circle in (b).
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FIG. 6. (a) Schematic of eigenfrequencies of the infinite structure
(black) and eigenfrequencies of semi-infinite structure (red). From
left to right panels, k)icm is varied from O to the critical point, where
eigenfrequencies of two structures become identical. (b) Band struc-
ture of infinite structure with real k, (black), semi-infinite structure
(red) and infinite structure with complex k.

—Tt/ay to T/ag in the first BZ. To find k™, the transfer ma-
trix method or the tight binding approximation method can be

used. These two methods work well for 1D systems [57] and
k}cm can be solved analytically. However, for 2D systems, these
two methods become complicated since there are several de-
pendent parameters. As mentioned previously, we expect to
reproduce the photonic band structure of truncated systems
using one unit cell with periodic boundary condition. There-
fore, here, we introduce a simulation method, which can be
used to obtain kK™ more easily than tight binding approxima-
tion and transfer matrix method.

In Fig. 6(a), the black and red dashed lines denote the eigen-
frequencies of the infinite and ribbon structures, respectively.
The red lines remain fixed throughout the procedure. For the
infinite structure, the eigenfrequencies are recalculated by em-
ploying complex wave vectors k. The imaginary component
k™ is systematically varied until the eigenfrequencies of the
infinite (black) and ribbon (red) structures become identical.
The corresponding value of ki™ is thereby identified as the de-
sired one.

Focusing on the lowest photonic band at apky, = 0.57 as
shown in Fig. 6(b), the point gap form by eigenfrequencies of
infinite structure (black) is collapsed to an arc (green) when
the imaginary component kjcm is 0.04871/ap. This arc coin-
cides with the eigenfrequencies of the ribbon structure (red).
This means that the eigenfrequencies of skin modes are repro-
duced by using one unit cell with periodic boundary condi-
tion and complex wave vectors. The localization length of the
wavefunctions are determined by the imaginary part of com-
plex wave vectors, given by 1/|ki™|. In this case, at agk, =
0.57, localization length is 1/|ki™| = 1/|0.0487/ao| ~ 7ay.
This value is consistent with the field profile shown in the left
panel of Fig. 3.



APPENDIX B: NUMERICAL GAUGE SMOOTHING FOR
THE COMPLEX BERRY PHASE

In this appendix, we give a brief review of a numerical
method to obtain the left and right eigenvectors (uk | and
|u,’fk) and in a suitably smooth gauge, enabling the calculation
of complex Berry phases along a discretized k, in parameter
space [42]. This procedure is essential for the numerical eval-
vation of Eq. (7). The properties of EM waves in photonic
crystals are analyzed using the following eigenvalue equation

V x %VXH(r) - (?>2H(r), )

here, we put ® =V x %Vx is the operator. The left and
right eigenvectors can be obtained by

(i le = w01 (2)’, (100
o) = (2 k1) (10b)

In general, the left and right eigenvectors are computed in-
dependently for each discrete k-point, and each carries an ar-
bitrary global phase. According to ref. [58], the biorthogonal
normalization condition for the left and right eigenvectors at
each k; point in k, direction are

u’ (k: % :
(u (k)] {uf (ki) Ju (k) "
) Ju (ki) (11b)

(uf (ki) u (k)

By normalizing left and right eigenvectors,
(uf' (kj)|uf(ki)) = Opn is satisfied. To smooth the gauge
in the 1st BZ, we choose a based point such as k;, then
normalized the eigenvectors according to Eq. (11). The
arbitrary global phases are adjusted by the following process

(ul (k)| — (ul (ki) | 2reti (k)i ki)

ki) — oy (ki)>efiarg(uﬁ(ki,1 g (k)

(12a)
(12b)

After the above step, the gauge is basically smooth. How-
ever, they are not single-valued in the Ist BZ. In particular,
at the starting point k; and ending point ky, eigenvectors are
not identical. Next, we adjust the phase difference between
the starting and ending point. The argument of the first non-
vanishing component p of the left eigenvector (uj (k;)| is ¢;.
We define a continuous function as follow

ky+m/a

1(80.k) = A0 =5 7=, (13)

where A¢ = YN ’11 (¢ir1 — ;) is the phase difference between
ki and ky. The final phase adjustment step is

(0 (k)| — (uf (k) |e ="/ A0ki)
[uh (ki) — [ulp (k) (Bok0),

(14a)
(14b)

Up to here, gauge is smooth and the biorthogonal normal-
ization (U}’ (k;)|u}k(k;)) = Oy is still ensured.
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