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The relative twist angle between layers of near-lattice-matched van der Waals materials is
critical for the emergent phenomena associated with moiré flat bands'~. However, the con-
cept of angle rotation control is not exclusive to moiré superlattices in which electrons directly
experience a twist-angle-dependent periodic potential. Instead, it can also be employed to in-
duce programmable symmetry-breaking perturbations with the goal of stabilizing desired
correlated states. Here, we experimentally demonstrate ‘moiréless’ twist-tuning of super-
conductivity together with other correlated orders in Bernal bilayer graphene proximitized
by tungsten diselenide. The precise alignment between the two materials systematically con-
trols the strength of induced Ising spin-orbit coupling (SOC), profoundly altering the phase
diagram. As Ising SOC is increased, superconductivity onsets at a higher displacement field
and features a higher critical temperature, reaching up to 0.5 K. Within the main supercon-
ducting dome and in the strong Ising SOC limit, we find an unusual phase transition charac-
terized by a nematic redistribution of holes among trigonally warped Fermi pockets and en-
hanced resilience to in-plane magnetic fields. The superconducting behavior is theoretically
compatible with the prominent role of interband interactions between symmetry-breaking
Fermi pockets. Moreover, we identify two additional superconducting regions, one of which
descends from an inter-valley coherent normal state and exhibits a Pauli-limit violation ra-
tio exceeding 40, among the highest for all known superconductors*’. Our results provide
essential insights into ultra-clean graphene superconductors and underscore the potential of
utilizing moiréless-twist engineering across a wide range of van der Waals heterostructures.
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In a large electrical displacement field, the electronic bands of Bernal bilayer graphene (BLG)
flatten out around the corners of the Brillouin zone, giving rise to various correlated phases that
spontaneously break BLG symmetries*®°. These correlated phases naturally compete with each
other and, therefore, are highly sensitive to explicit symmetry-breaking perturbations. One way to
induce such perturbations is by placing BLG adjacent to transition metal dichalcogenides such as
tungsten diselenide (WSe,). The SOC perturbations induced by WSe, %' alter the phase diagram,
remarkably enabling the superconductivity in BLG* to appear at zero magnetic field and boosting
the critical temperature significantly'’~'°. However, the nature and the extent of this enhancement,
and more generally, the impact of SOC on the correlated phases of BLG and related graphene
systems, remain elusive.

Theoretically, the induced SOC is predicted to depend on the relative twist angle 6 between WSe,
and graphene'®?*>* (Fig. 1a). This dependence, however, has not been experimentally studied
or utilized with systematic control. Here we employ this novel tuning knob to explore how Ising
SOC modifies the correlated phases and emerging superconductivity in BLG. This approach offers
several unique opportunities: (z) the strength of the induced Ising SOC in BLG can be precisely
quantified; (z7) the induced SOC is much less sensitive to twist-angle variations, allowing for fine
control; and (z2¢) the proximity to WSes does not induce additional disorder, promoting repro-
ducibility. We investigated a series of BLG-WSe, devices (Fig. 1b) fabricated from the same BLG
and WSe, crystals, separating the large BLG flake into multiple pieces®*. With the first BLG piece
roughly lattice-aligned with WSe, ( ~ (0°), the following ones are sequentially twisted relative to
WSe, with a ~ 6° increment (see Methods and Extended Data Fig. 1 for device fabrication).

To characterize the SOC in our devices, we first perform high-resolution measurements of Shub-
nikov—de Haas oscillations (Fig. 1f,g) in regions of the n-D phase diagram (n is the doping density,
D is the electrical displacement field) that are well-described by non-interacting theory (Supple-
mentary Information (SI), section 2). When a positive D field D /¢y = 0.2 V/nm is applied, the
hole-carrier wavefunctions are strongly polarized towards the top graphene layer adjacent to WSe,,
which in turn induces Ising SOC in BLG!*!7-1%:25:26 (see Methods and Extended Data Fig. 2 for
further discussion). In this regime, we observe a clear beating pattern in longitudinal resistance
R, as a function of out-of-plane magnetic field (5, ) at higher doping densities (Fig. 1f), indi-
cating two close oscillation frequencies originating from Fermi pockets of slightly different sizes.
The Fermi-surface imbalance is revealed by normalizing the oscillation frequencies of R, (1/B, )
to the Luttinger volume corresponding to the total doping density. The resulting normalized fre-
quency f, reveals the fraction of the total Fermi surface area enclosed by a cyclotron orbit. Figure
1h,i shows a comparison of the density-dependent frequencies f, from two devices with twist
angles 6 ~ 0° and 30°, respectively. In both cases, two frequencies, flsl) and fﬁ” , are found satis-
fying flgl) + fy(z) = 1/2. These frequencies can be understood as a splitting from f,, = 1/4, which
signals the broken four-fold spin-valley symmetry (Fig. 1c,d): Ising SOC separates two pairs of
spin-valley locked bands with slightly different Fermi-surface areas (schematics in Fig. 1h,i).

The induced Ising SOC is modulated by the twist angle 6 between WSe; and BLG. This is evident
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from the more pronounced splitting shown in Fig. 1h compared to the one in Fig. 1i. By extracting
the sizes of the Fermi pockets corresponding to spin-valley locked bands (see Methods and Ex-
tended Data Fig. 2) and comparing them to band-structure calculations, we precisely quantify the
Ising SOC strength, |A;| ~ 1.6 meV and 0.4 meV in Fig. 1h,i, respectively. Fig. le summarizes
systematic measurements across three sets of moiréless twisting BLG-WSe, devices (D1-D3; see
Methods and SI Fig. 1 to 3), all of which demonstrate robust f-modulated Ising SOC strengths. Our
results are consistent with the picture that virtual interlayer tunneling is responsible for the induced
SOC. When the lattices of BLG and WSe, are angle-aligned, i.e., § = 0°, the K/K’ valleys of BLG
couple more effectively to one of the two valleys of WSe, (left schematic in Fig. le), resulting in
a large induced Ising SOC. In contrast, for # ~ 30°, the inter-valley and intra-valley tunneling
between WSe, and BLG have the same amplitude due to reflection symmetry (right schematic in
Fig. le). The induced Ising SOC in BLG vanishes accordingly?’. The overall § dependence and
the magnitude of Ising SOC are qualitatively consistent with predictions'®?%-23,

Using the exquisite twist-angle control of the Ising SOC strength, we explore the SOC-dependent
correlated phase diagrams at large D fields. Devices with various Ising strengths all show charac-
teristic R,, features that are associated with strong correlations and superconductivity stabilized
at zero magnetic field'™" (Fig. 2a-d, see Extended Data Fig. 3 for all the n-D phase diagrams).
Importantly, the main superconducting pocket, which emerges from a polarized state with a dom-
inant population of two out of the four spin-valley flavors'”-'®, shows a strong dependence on
the strength of Ising SOC. For low Ising SOC (|\;| ~ 0.4 meV; Fig. 2a), the superconduct-
ing region occupies a large D field range, starting from D /¢y ~ 0.3 V/nm and extending up to
D/ey ~ 1.25 V/nm. For large Ising SOC (|\;| ~ 1.5 meV; Fig. 2d), however, superconductivity
onsets only at D /ey ~ 0.9 V/nm. Overall, the value D, marking the onset of the superconduct-
ing pocket grows with increasing || (Fig. 2e).

The observed trend of D+ can be understood in a simple model invoking the interband inter-
actions between the majority (K 1, K’ |) and the minority (K |, K’ 1) spin-valley flavors; see
Fig. 2g,h. Irrespective of the pairing mechanism, superconductivity requires an attractive interac-
tion to overcome the renormalized Coulomb repulsion’®?°, commonly quantified by Tolmachev-
Anderson-Morel (TAM) pseudopotential®®®! ;1*. When p* is large, electrons do not form pairs and
superconductivity vanishes. The generalized multiband value, which takes into account majority
and minority spin-valley flavors, 2 .. (see Methods and SI, section 3 to 5) is plotted in Fig. 2h for
two values of Ising SOC. Remarkably, u* .. grows with increasing |A;| and decreases at higher D
fields. Thus, the threshold for superconductivity, as implied by a sufficiently weak .., aligns
with the experimental D, trend. The connection between . ... and Ising SOC arises due to
interband interactions. These interactions allow scattering of pairs between majority and minor-
ity bands (Fig. 2g), greatly enhancing screening of the bare repulsion as compared to the band-
decoupled case. A larger density imbalance between the bands, as dictated by stronger Ising SOC,
shrinks the phase space where both bands have large density of states (DOS) near the Fermi level
(right schematic in Fig. 2h). Consequently, the interband interactions are suppressed, (i ;; SrOws,
and superconductivity diminishes.
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Intriguingly, the superconducting critical temperature 7T, also shows a striking dependence on |\;|.
While D, 1s smaller and superconductivity persists over a wide range of D fields for small Ising
SOC, the critical temperature remains low throughout and saturates at 7, ~ 150 mK (Fig. 2i,j).
In contrast, for large Ising SOC, superconductivity onsets only at higher D fields, but 7. quickly
increases, reaching 7. ~ 500 mK at the optimal D (Fig. 2,m). This is the highest 7. reported
for crystalline (untwisted) graphene systems. Thus, the optimal critical temperature also shows an
increasing trend with |\;| (Fig. 2f; see SI Fig. 4 for |A\;| ~ 0 meV). A detailed three-dimensional
map of the optimal critical temperature 7°P'™a! versus D field and |)\;| is plotted in Fig. 2k. These
observations motivate further investigations of BLG with even stronger Ising SOC**3?,

Devices with large Ising SOC further reveal two additional superconducting pockets (1.4 meV
< |A7] £ 1.6 meV; see Fig. 3a, Fig. 2c,d, and Extended Data Fig. 3). We refer to the observed
superconducting regions as SCy, SC,, and SCs, enumerated from higher to lower hole doping,
respectively (with the main superconducting region being SCs; see Extended Data Fig. 4 and SI,
section 1 for additional characterizations and discussion). Each superconducting pocket descends
from a distinct flavor-symmetry-breaking normal state (Fig. 3b-f) and is terminated by a first-order
phase transition (marked by black dashed lines) on the low-doping side. Regions SC;, SCs, and
SCj; feature optimal critical temperatures 7. ~ 60 mK, 500 mK, and 100 mK, respectively (Fig. 3b
and Fig. 3d insets). The normal state of SC; can be directly related to the non-interacting band
structure. Quantum oscillations in this regime (—9 < n < —7.6 x 10" cm™2, Fig. 3¢) show two
main frequencies (marked by blue and orange arrows) obeying 2 - flgl) +6- f,SQ) ~ 1. This indicates
two Ising-majority Fermi pockets and six Ising-minority trigonal-warping pockets'®** (Fig. 3¢ left
schematic); we denote the flavor-polarized phase as FP(2,6) (FP(n, m) denotes a flavor-polarized
phase with n and m degenerate-sized Fermi pockets, from large to small).

Ultrahigh-resolution quantum oscillations reveal the unusual Fermi surfaces in the correlated nor-
mal states forming SC, and SC3. At higher doping of SCy (n < —8.25 x 10! cm~2, Fig. 3e),
two dominant oscillation frequencies, marked by blue ( flgl)) and orange ( f,EZ)) lines in Fig. 3f,
satisfy 2 - M yg. f,SQ) ~ 1 (black line). Thus, the flavor-polarized phase hosts two major-
ity and four minority Fermi pockets, denoted as FP(2,4). The occupation of two out of the three
trigonal-warping pockets for each minority flavor implies a nematic normal state that breaks the C's
rotational symmetry'® (Fig. 3f left schematic). Remarkably, we observe a different Fermi-pocket
configuration within the same superconducting pocket at —8.25 < n < —7.1 x 10" cm™2. The
lowest third frequency f,g?’) is clearly resolved (green line in Fig. 3f; see Methods and Extended
Data Fig. 5 to 7). The value of f£3) rapidly decreases to zero at the low-doping phase boundary,
implying that two out of the four minority Fermi pockets shrink considerably in this density range.
We denote this phase as FP(2, 2, 2) given the relation 2 - f,El) +2. f,SQ) +2- f,S?’) ~ 1. Here, the sec-
ond and the third 2 imply an additional broken symmetry within the trigonal-warping pockets®> 3
(orange and green pockets of the middle schematic in Fig. 3f), signaling a nematic redistribution
of holes. This continuous transition from FP(2,2,2) to FP(2,4) has a significant impact on the
in-plane magnetic field response of SC, (see Fig. 4).
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An exceptional correlated phase denoted FP(1,3,1) emerges upon further decreasing the dop-
ing (=7.1 < n < —5.7 x 10" cm™2; Fig. 3e,f). The three Fermi-surface frequencies obey
fy‘) +3- f,£5) + f,s6) ~ 1, with fﬁ‘” being larger than 1/2, ensuring that the largest Fermi pocket is
non-degenerate (Methods and Extended Data Fig. 8 to 10). Remarkably, this normal state supports
SCs, although all Fermi pockets have odd multiplicities. The combination of superconductivity
and odd multiplicities strongly points at an inter-valley coherent (IVC) state’’~ (purple schematic
of Fig. 3f). This is further corroborated by the B, -field response of the phase boundaries® (Meth-
ods and Extended Data Fig. 11). The odd multiplicity of all Fermi pockets excludes the possibility
of conventional s-wave pairing, suggesting unconventional superconductivity. Moreover, provided
that the pockets are intrinsically superconducting, the number of three mid-size Fermi pockets
() implies time-reversal symmetry breaking regardless of the IVC nature**0. Alternative
exotic scenarios are not precluded, e.g., the valleys of FP(1,3,1) could still enjoy independence,
in which case, the resulting superconductivity would strongly break time-reversal symmetry, pro-
moting chiral finite-momentum pairing.

All three superconducting pockets show extraordinary resilience to in-plane magnetic field B).
SC; has a critical field B, ~ 2.5 T, significantly higher than observed previously'® (Extended
Data Fig. 12). SC, and SC; show distinct B response, reflecting the highly unusual intertwining
with the underlying normal states. Fig. 4a,b shows the dependence of R, on B (Fig. 4a) and
temperature (Fig. 4b). SC, occupies a significantly larger doping range, and its optimal 7. is
roughly five times that of SC3. In comparison, the two superconducting regions show a striking
response to B). While SC, is fully suppressed by B ~ 3 T, SCs persists up to B = 7 T at
the phase boundary. Crucially, the T°P!™?! of SC; appears to be insensitive to B, (Fig. 4e and
Extended Data Fig. 13), with the superconducting domes at By = 0 T and 3 T being almost the
same (Fig. 4c,d). The Pauli limit B, is related to the zero-magnetic-field critical temperature 7.(0)
as B, = 1.86 T/K x T.(0). 1.(0) = 100 mK for SC3 would produce B, = 0.186 T. Thus, the
observed B, = 7 T yields a Pauli-limit violation ratio (PVR) B, /B, ~ 40, placing SC3 among
the superconducting phases with the highest PVR*. Note that the exceedingly large PVR only
presents in SC3 with odd Fermi-pocket multiplicities, further reflecting its remarkable nature.

While having a significantly lower PVR, SC, features two doping regions with distinct B re-
sponses (Fig. 4f,g) that are directly intertwined with the continuous transition from FP(2, 2, 2) to
FP(2,4) (Fig. 4h,i). Figure 4f,g shows representative R2,, versus temperature and 53 measured
in the overdoped and underdoped regions (n = —8.5 and —6.9 x 10" cm™2, respectively) for
D/ey = 1.2 V/nm. SC, exhibits the same 7.(0) ~ 200 mK at both doping densities, but the
By responses are distinct. The overdoped 7. is quickly suppressed by B following a conven-
tional quadratic scaling (Fig. 4f). The underdoped 7., however, is insensitive to B) for By < 1T
(Fig. 4g), with the depairing at B > 1.5 T likely due to the Fermi-surface changes induced by B.

We fit T;. versus B) by T,.(B)) = T.(0) — a - Bﬁ, where « quantifies the pair-breaking tendency
of B). The resulting a shows a striking dependence on doping (Fig. 4h). At higher doping, o
plateaus around 0.08 K/T?; at lower doping, o approaches zero, indicating vanishing sensitivity
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to B). Importantly, the qualitative change in a (Fig. 4h) coincides with the redistribution of the
trigonal-warping pockets (Fig. 41). The region with the plateau (—8.8 < n < —7.3 x 10 cm™2)
and the region with the rapidly changing @ (—7.3 < n < —6.6 x 10! cm~2) correspond to the
FP(2,4) and FP(2, 2, 2) phases, respectively. Within the FP(2,2,2), both the value of « and the
size of the smallest Fermi pockets (green pockets in Fig. 4h) approach zero at the phase boundary
(n &~ —6.6 x 10" cm™—2). These observations suggest that the smallest Fermi pockets determine
the B response (see also Extended Data Fig. 14 to 16).

The disparity in the B) response of the two SC, regions may also be attributed to the prominence
of majority-minority interband interactions, so that the B response (Fig. 4f-i) and the observed
Dpset trend (Fig. 2e) share a common microscopic origin (SI, section 7). The magnetic field
causes majority- (minority-) band spins cant towards (away from) the magnetic field direction*"*’.
As a consequence, Cooper pair scattering between the bands is suppressed, and the applied B)
leads to an appreciable decrease in 7. (Fig. 4j,1). Conversely, if minority bands become valley
polarized (consistent with FP(2,2,2), right schematic in Fig. 4k), one expects the adverse mag-
netic field effects on the interband interaction to gradually disappear, making the superconductor
less field-sensitive (Fig. 4k,m). This coincides with the experimental trend in Fig. 4f-i. The above
mechanism is consistent with the PVR hierarchy of SC;, SC,, and SC; (SI, section 7). The con-
ventional depairing mechanisms within the Ising superconductor framework'”*-" however, is
qualitatively inconsistent with our observations (Methods and SI, section 8).

Unprecedented control over the strength of Ising SOC in BLG allowed us to explore its rich set of
superconducting regions systematically. Superconductivity occurs for a diverse set of Fermi-pocket
configurations, including for Fermi pockets with odd multiplicity pointing at unconventional super-
conductivity. Remarkably, all the superconductors exhibit distinctive resilience to in-plane mag-
netic field. A newly discovered IVC configuration exhibits one of the highest PVR values for
any superconductor to date. More generally, the approach of inducing tunable symmetry-breaking
fields via moiréless-twisting, can be applied to a broad family of van der Waals materials and
extended beyond SOC to include magnetism, charge orders, etc. This opens promising avenues
towards tailoring exotic phases of matter on demand.
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Figure 1 | Programmable Ising SOC by interfacial twisting between BLG and WSe,.
a, Schematic showing the twisting of the BLG-WSe, interface. b, Optical image of the device
set D1. Crystal axes of graphene and WSe, are rotated relative to each other with angles 6 ~ 0°,
6°, 12°, 18°, 24°, and 30° for the six devices, respectively. The scale bar corresponds to 5um.
c¢,d, Non-interacting valence bands of BLG near the K and K’ points of the Brillouin zone at
D/ey = 0.2 V/nm, with proximitized Ising SOC |\;| ~ 1.6 meV (c) and 0.4 meV (d), respec-
tively. e, Ising SOC strength |\;| versus BLG-WSe; interfacial twist angle 0; data were extracted
from three sets of devices D1-D3. The bottom schematics show the relative rotation between the
BLG and WSe; Brillouin zones. f,g, R, versus B, and doping n measured at D /ey = 0.2 V/nm
for devices with |\;| ~ 1.6 meV (f) and 0.4 meV (g), respectively. h,i, Fast Fourier transform
(FFT) of R,.(1/B,) (using data within 0.05 < B, < 0.8 T) versus n and f,. The arrowed FFT
splittings reflect the Ising-induced Fermi-surface imbalance, where larger Ising SOC (h) features
a larger splitting than small Ising SOC (i).
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Figure 2 | Twist-programmable superconducting phase diagram. a—d, R, versus n and D for
devices with [A\;| = 0.4 meV (a), 0.9 meV (b), 1.4 meV (c¢), and 1.5 meV (d), respectively. e,f,
Displacement field at which superconductivity onsets D, (€) and optimal critical temperature
|A7| &~ 0 meV; see also Methods
and SI Fig. 4. g, Schematic showing the interband interactions (turquoise arrows) between majority
difference U for [A\;| = 0.4 meV
Ising-imbalanced DOS; turquoise
regions indicate where both bands have large DOS. i,j, R, versus n and temperature for a device
with [A\;| ~ 0.4 meV, measured at D /ey = 0.4 V/nm (i) and 1 V/nm (j), respectively. k, Optimal
critical temperature Tgptimal versus |A;| and D. lm, R,, versus n and temperature for a device

Tortimal (f)y versus |A;|. The black dot in f represents the case at

and minority flavors. h, p; ... versus n and interlayer potential
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Figure 3 | Superconductivity across nematic redistribution and from inter-valley coherence.
a, R,, versus n and D for a device with Ising SOC strength |\;| ~ 1.5 meV, focusing around
the phase space where the three superconducting regions coexist. b, R,, versus n measured at
D/ey = 0.92 V/nm. The inset shows R,, versus n and temperature for the superconducting
dome SC;. ¢, Frequency-normalized FFT of R,,(1/B,) (using data within 0.08 < B, < 0.4 T)
over the same doping range as in b; schematics show the corresponding flavor symmetry-breaking
Fermi surfaces. d, R, versus n measured at D/eq = 1.265 V/nm. Insets show R, versus n and
temperature for the superconducting domes SC (left) and SCs (right), respectively. e, Frequency-
normalized FFT of R,,(1/B,) (using data within 0.05 < B, < 0.8 T to resolve f,sg)) over the
same doping range as in d. The arrows mark the primary FFT peaks, as shown in f. The green
dashed line marks the transition from FP(2,2,2) to FP(2,4); black dashed lines mark first-order
symmetry-breaking transitions. f, Intensity peaks in f, extracted from e. The black solid lines
around f, = 1 indicate the results from the Luttinger sum rule. Schematics from left to right
correspond to nematic FP(2,4), nematic FP (2,2, 2), and inter-valley coherent FP(1,3,1).
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Figure 4 | Ultra-high Pauli-limit violation and nematicity-intertwined B depairing. a, R,
versus n and Bj at D /ey = 1.265 V/nm for a device with [A\;| =~ 1.5 meV. b, R,, versus n and
temperature at the same D. ¢,d, R, versus n and temperature for SC3 measured at By = 0 T (¢)
and 3 T (d), respectively. e, Tfptimal of SC3 versus B|. The grey bar marks the Pauli limit. f.g, R,
versus temperature and B at n = —8.5 x 10'' cm™? (f) and —6.9 x 10" cm™? (g), respectively
for D /ey = 1.2 V/nm. The colored dashed lines are quadratic fitting. h, « versus n within the SCy
at D/ey = 1.2 V/nm. i, Normalized FFT of R,,(1/B,) (using data within 0.05 < B, < 0.8 T
to resolve flE?’)) over the same n and D range as in h, focusing at low frequencies. Green dashed
line marks the nematic redistribution of holes from FP(2,4) to FP(2,2,2). Schematics in h show
the Fermi-surface evolution versus n. j,k, Theoretical B) depairing with the prominent interband
pairing (j) and the suppressed case by valley polarization (k). Lm, Theoretical o versus n for
FP(2,4) (1) and versus minority imbalance dnminority / Pminority for FP(2,2,2) (m).

15



Methods

Device fabrication: The majority of the fabrication processes follow the standard flake transfer
and lithography explained in a previous study'’. Here, we focus on the interfacial twisting between
BLG and WSe,. Large flakes of BLG and WSe, are exfoliated on SiO./Si chips. The crystal
orientation of WSe, can be identified by second harmonic generation’' (SHG; Extended Data
Fig. 1b), where the polarization of the incident and reflected beams are selected to lie parallel to
the scattering plane. The directions with maximized SHG signal correspond to the in-plane crystal
orientations along the W-Se direction (armchair direction). BLG is somewhat trickier. We identify
flakes with long straight edges forming angles that are multiple of 30°, e.g., three edges form two
angles of 150° in Extended Data Fig. 1c. The configuration is consistent with the assignment that
the straight edges are along the zigzag- or armchair-edge direction of graphene. We then cut the
large BLG flake into small pieces by atomic-force-microscope-actuated cutting®*; Extended Data
Fig. 1d. First, pick up topmost hBN, top graphite gate, top hBN dielectric, and the large WSe,
flake using propylene carbonate (PC) film on a polydimethylsiloxane (PDMS). Then, align the
straight edge of BLG with the crystal orientation of WSe, and control the approach of PC/PDMS
stamp so that only one BLG piece is picked up. SiO-/Si chip was manually rotated by an angle
0 ~ 6°, and a second piece of BLG was picked up but not overlapping with the first one. Repeat the
same processes for the remaining BLG pieces (Extended Data Fig. 1f,g). Depending on whether
the BLG straight edge used for alignment is along the zigzag or armchair direction, the crystal
axes of the six BLG pieces are rotated relative to the WSe, axis by an angle 6 ~ 0°, 6°, 12°, 18°,
24°, and 30° (armchair direction), or vice versa (zigzag direction). The two configurations can
be distinguished by measuring the Ising SOC strengths of the devices at the two ends. The large
(small) Ising device corresponds to ~ 0° (~ 30°) alignment due to the reflection symmetry'®20->2,
A typical finished stack is shown in Extended Data Fig. 1h; a series of different rotation angles
between BLG and WSe, can be clearly seen from the optical image. The stack went through
standard lithographic and etching processes for final device preparation (Extended Data Fig. 1i).

Measurements: All measurements were performed in a dilution refrigerator (Oxford Triton) with
a base temperature of ~ 30 mK and an 1T/1T/9T (XYZ) superconducting vector magnet, using
standard low-frequency lock-in amplifier techniques. Unless otherwise specified, measurements
are taken at the base temperature. Frequencies of the lock-in amplifiers (Stanford Research, models
865a) were kept in the range of 7 — 40 Hz in order to reduce the electronic noise and measure the
device’s DC properties. The AC excitation was kept < 5 nA; most measurements were taken
at 1 nA to preserve the linearity of the system and to avoid disturbing the fragile states at low
temperatures. Each of the DC fridge lines passes through cold filters, including 4 Pi filters that
filter out a range from ~ 80 MHz to > 10 GHz, as well as a two-pole RC low-pass filter.

Reproducibility of twist-programmable superconductivity: SI Fig. 1 to 3 show the data mea-
sured from three sets of moiréless twisting devices (D1-D3), with the corresponding devices
marked by the labels in the optical images. #-modulated Ising SOC and superconductivity are
well reproduced from all the three sets of devices. Within each set, we see a clear trend that su-
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perconductivity onsets at a lower D field for the device with low Ising SOC and gradually onsets
at a higher D field for the device with large Ising SOC. Accordingly, Ising SOC strength evolves
as a function of twist angle #. The #-dependent Ising SOC strengths are summarized in Fig. le:
the magnitude of proximitized Ising SOC is large within a broad angle range, and is quickly sup-
pressed when 6 = 20 — 30°. Specially, the first device in the device set D2 (SI Fig. 2a; see also SI
Fig. 4) appears to have a minimal Ising SOC, and superconductivity doesn’t appear at zero mag-
netic field. The device is consistent with the scenario that the alignment between BLG and WSe,
is 6 ~ 30°.

Quantifying Ising SOC: One way to quantify the WSe,-induced Ising SOC H; = %A 1725, (A1
is the Ising SOC strength in the main text) is to probe the octet zeroth Landau level (LL) in BLG.
Note that these LL energies are not sensitive to Rashba SOC'?. The sets of two Landau levels that
cross at filling factors ¥ = £3 have opposite layer polarizations, so that their energy difference (at
zero D field) is givenby AE = E;+ \;/2 (E is the Zeeman gap between spin-up and spin-down
LLs). Therefore, the critical field B% that makes AFE vanish is 2E,; = 2gupB| = A; (see SI
Fig. 6a-f). However, this method doesn’t work when \; is negative since the energy-level crossing
is not inverted"”.

Independently, |\;| can also be extracted from the doping-dependent FFT splitting of the quan-
tum oscillations, regardless the sign of \; (Fig. 1f-i and Extended Data Fig. 2a). Extended Data
Fig. 2b,c shows the doping-dependent FFT splitting By measured within the non-interacting
phase (schematics in Fig. 1h,1) at different D fields and at higher doping densities (i.e., away from
the van Hove singularities). Ising-type splitting is suppressed with increasing |n|, in contrast to
the Rashba-type splitting which increases with increasing |n|'". The detailed mapping of By as
a function of n and D enables comparison to single-particle band structure calculation (SI, sec-
tion 2) that quantifies Ising-induced Fermi surface imbalance. The dashed lines in Extended Data
Fig. 2b,c are calculated frequency splittings for |[A;| ~ 1.4 meV (Extended Data Fig. 2b) and
|A7| = 0.4 meV (Extended Data Fig. 2¢), respectively. Both cases roughly match the experimental
data. The overall trend is that () at constant | \;|, higher D features larger By and (i7) at constant
D, higher |\;| features larger By, The observed trends put strong constraints on the estimates of
the Ising SOC strength.

Note that one single Ising SOC strength provides a good fit to the data at different D fields (from
D/ey = 0.2 V/nm to 1 V/nm; Extended Data Fig. 2b), suggesting that Ising SOC is already
maximal at D /ey = 0.2 V/nm and larger D values do not further increase the Ising SOC strength.
For Ising extraction, frequency analysis at a finite D field and higher doping (i.e., away from
the van Hove singularities) is more accurate in comparison to the zero D case for the following
reasons: (z) Ising-induced splitting is significantly suppressed at the zero D limit (SI Fig. 5), which
makes it difficult to precisely quantify by comparing to the single-particle band structure (gray
dashed line in Extended Data Fig. 2b); and (7%) the effective Rashba SOC is more pronounced”” at
D /ey = 0 V/nm due to reduced sublattice and layer polarizations, which further complicates the
analysis; see SI, section 2 and SI Fig. 10. The evolution of the effective Rashba SOC is plotted
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in SI Fig. 10. We find that for moderate values of interlayer potential difference (U > 15 meV),
the microscopic Rashba SOC induced by WSe, becomes strongly suppressed, consistent with the
experiment.

SI Fig. 6a-f shows the Landau level crossing for v = +3, while SI Fig. 6g shows the corresponding
quantum oscillation frequencies within the non-interacting Ising symmetry-breaking phase. Both
methods return |\;| &~ 1.6 meV, validating the quantum oscillation method in the manuscript.

Principles for FFT analysis: Correctly identifying the quantum oscillation frequencies is critical
for figuring out the type and the number of Fermi pockets for each flavor-polarized phases. Here,
we summarize basic principles for FFT analysis, applying them to FP(2,2,2) and FP(1,3,1).

1. To identify the intrinsic Fermi-surface frequencies, we want to work on FFT analysis with
B, range as low as possible. At slightly higher B, magnetic breakdown> kicks in as
B, -assisted electron tunneling between different Fermi surfaces. Consequently, the most
pronounced frequencies might be a sum (or difference) of two base frequencies instead of
the intrinsic ones.

2. Follow the sum rule that all the intrinsic frequencies with their multiplications add up to 1.
The multiplications return the number of Fermi pockets for each type. Looking at the doping
dependence of f,, if one frequency flgl) decreases versus doping, it is guaranteed that there
is another frequency that evolves reversely. One pocket shrinks while some other pockets
grow.

3. We check for the evolution of phase diagram as a function of D fields and doping n. Some
FFT frequencies continuously evolve in the n-D phase space, which provides further guid-
ance for the neighboring correlated phases.

Identification of FP (2,2, 2) phase: Ultrahigh-resolution quantum oscillations at high D fields
allow for resolving subtle symmetry-breaking Fermi pockets. Looking carefully at the FFT fre-
quency f,@ in Extended Data Fig. 5b and Extended Data Fig. 6b.d, fl@ decreases monotoni-
cally with lowering doping until reaching n ~ —8.25 x 10! cm™2 for D/¢y = 1.265 V/nm
(n ~ —7.2 x 10" cm™2 for D /¢y = 1.2 V/nm), beyond which the dependence of £ is flattened
while f,gl) keeps increasing throughout. This indicates that the sum rule 2 - flgl) +4- f,£2) ~ 1of
the FP(2,4) phase at higher doping is no longer satisfied for lower dopings, suggesting an altered
Fermi-surface structure. Indeed, measuring quantum oscillations to higher B, field reveals the
emergence of a third very low frequency around the phase boundary as marked by the green arrows
in Extended Data Fig. 7. FFT data shown in Extended Data Fig. 5b and Extended Data Fig. 6b,d
clearly reveal the third frequency f,53) growing rapidly from zero at the phase boundary to a value
matching flgz) at slightly higher doping. The frequencies obey 2 - f,E” +2- flS?) +2- f153) ~ 1,
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as discussed in the main text corresponding to an additonal symmetry breaking with trigonally
: (2) (3)
warped pockets of two sizes f,”’ and f,”.

Identification of FP(1,3,1) phase: The identification of FP(1,3,1) phase is more subtle, in-
volving extensive quantum oscillation measurements. The raw data (Extended Data Fig. 7a,b;
n =~ —6.6 x 10" ecm™2 to —5.3 x 10™ cm™ taken at D /¢y ~ 1.2 V/nm) reveal three oscillation
frequencies. A high frequency marked f,£4) appears clearly. Atreally low B, ~ 0.05 T, arelatively
low frequency called f,£6) onsets. Further increasing B , each f,£6) period splits into four, giving
rise to ff’) which is indeed roughly four times the frequency flEG) (Extended Data Fig. 7c).

It is natural to ask whether f,§5) is simply a higher (fourth) harmonic of fl@. This can be answered
by the measurements at low D fields in the same phase region (Extended Data Fig. 8 and 9).
Frequencies are marked by arrows. When lowering the D fields, fy(4) gradually increases, while
f£5) and flEG) gradually decrease. At D/ey = 1 V/nm (Extended Data Fig. 8b,d,f), f£5> already
deviates from being four times the value of f,56). Eventually at D /ey = 0.85 V/nm (Extended Data
Fig. 8a,c.e), the frequency f£6) completely disappears while fl@ independently survives. This
D evolution of the two frequencies ( flgs) and flgﬁ)) supports their independence. Meanwhile at
D/ey = 0.85 V/nm, the existing two frequencies ( flf4) and f,EE’)) obey f,£4) +3- f,EE’) ~ 1; we denote
the flavor-polarized phase at this D field as FP(1,3). The above D-field evolution indicates that
the FP(1, 3, 1) phase at high D develops from the FP(1, 3) phase at low D as D is increased.

After establishing the existence of three frequencies, we comment on the number of pockets for
each type. This relies on the correct identification of intrinsic Fermi-surface frequencies and their
harmonics. At slightly higher B, , magnetic breakdown™ kicks in as B -assisted electron tun-
neling between different Fermi surfaces. Consequently, the pronounced frequencies might be a
sum (or difference) of two base frequencies instead of the intrinsic ones. This is the case for
FP(1,3) and FP(1,3,1) phase. Extended Data Fig. 8c shows the normalized FFT from quantum
oscillations going up to B, = 0.45 T. The frequency peak at f,, ~ 0.75 is stronger than the one
at f, ~ 0.6 (marked by the arrow). However, the relative intensity changes by reducing the B
range to 0.23T (Extended Data Fig. 10a). At this condition, the peak at f, ~ 0.6 is stronger than
the one at f, ~ 0.75, suggesting that the one marked by the arrow (f, ~ 0.6 in Extended Data
Fig. 10a) is the intrinsic frequency; the one at f,, ~ 0.75 is instead a sum harmonic f,£4) + f,£5). By
identifying the intrinsic high frequency f154), one obtains fl£4) +3- f£5> ~ 1, indicating one large
and three small Fermi surfaces, i.e., FP(1, 3). A similar situation holds for the other D fields, such
as at D /ey = 1.2 V/nm (see Extended Data Fig. 9c and Extended Data Fig. 10c), where we find

43 7+ 9~ 1

Inter-valley coherence: The occurrence of superconducting state SCs in the symmetry-breaking
state FP(1,3,1) strongly indicates the inter-valley coherent nature of FP(1,3,1). Focusing on

the single largest Fermi pocket ( f,54)) that is non-degenerate, there are two options: it is either
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valley-polarized and therefore breaks time-reversal symmetry, or it is inter-valley coherent. Co-
herence between the K and K’ valleys would restore time reversal symmetry for the largest Fermi
pocket, naturally more susceptible to pairing. Note that in moiré graphene, it is established that

superconductivity originates from an inter-valley-coherent order®’-*%.

Independent evidence for inter-valley coherence comes from analyzing the evolution of phase
boundaries as a function of B, . An out-of-plane magnetic field B, favors valley-polarized states
that are characterized by large orbital moments. As 5, field is increased, valley-polarized states
with large orbital moments are expected to take over more of the phase space compared to valley-
balanced states®”. The evolution of the phase boundaries with B, can be clearly identified from
quantum oscillations (Extended Data Fig. 11). Here, the lowest doping density range (n >
—3 x 10" cm™2) corresponds to a spin-valley locked FP(6) phase!”. Within this phase, the K
and K’ valleys are equally populated with opposite spins, resulting in zero net orbital moment.
At the doping density —3 > n > —4.3 x 10" cm™2, the oscillation frequency peaks at f, = 1
indicating FP(1) phase. The phase space shows a rich evolution: a phase transition develops with
increasing B, consistent with a spin-valley polarized FP(1) (red line in Extended Data Fig. 11b)
emerges when B, is applied. Importantly, at the lowest B, (B, ~ 0 T), the phase boundary
between FP(1) and FP(6) (black dashed line at n ~ —3 x 10'* cm~2) doesn’t move with B, sug-
gesting that the FP(1) at B, ~ 0 T is characterized by coherence between the two valleys (over
the spin-valley polarized phase), so that the orbital moments cancel. The same logic applies to the
other symmetry-breaking phases at slightly higher doping. A large FFT frequency dominates at
f, > 1/2 while the phase boundaries persist in doping without moving when B is applied, sug-
gesting the existence of one large Fermi pocket with diminished or no orbital moments and hence
inter-valley coherence for FP(1,3, 1).

Sample alignment with in-plane magnetic field: In-plane-field measurements were performed
by mounting the sample vertically with a homemade frame to access By > 1 T. A small B,
component is inevitably introduced when B is applied due to imperfect vertical sample alignment.
The B, and B, directions of the vector magnet are used to compensate the B, component. The
compensation is crucial for the measurements of large Pauli-limit violation of SCj, because at
B =TT or so, an out-of-plane component B; = 0.1 — 0.2 mT almost completely suppresses the
superconductivity. Additionally, the cancellation of B gives an accurate 17, dependence on B,
and temperature so that the extraction of « in Fig. 4 is reliable.

Multiband superconductivity analysis: We consider an electronic system with two bands, with
an additional (spin) degree of freedom in each band. The mean-field ansatz for the simplest order
parameter is a vector form due to the multiband structure,

1
. SOk 1/J—k1+¢k1—)>
A = Ginicial < (% E :k Y _xo1Pro— ’ S

where (2 is the system volume, v, ,, annihilates an electron with momentum k, in band n = 1, 2,
and internal flavor p = +.
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We introduce an energy scale w*, below which the pairing interaction is activated. In the path-
integral formalism, one integrates out the electrons with energy greater than w*, obtaining a renor-
malized interaction matrix,

1
gram (W) = {(gmimal)_l + <€1 52)} 3 ()

where ¢, = { [+ f__:;} dé N‘”E(f), and N, (£) is the DOS of the n-band at a distance ¢ away

from the Fermi level.

We define a multiband generalization of the superconducting pseudopotential pseudopotential

Ponatti = v det gram (w*). (3)

We note that by setting interband interactions to zero, one simply obtains a diagonal gty matrix,
with the appropriate single-band pseudopotentials 1] , on its diagonal. Investigation of iy, ; 1S
motivated by the fact that a superconducting transition is associated with a singularity of the ¢
matrix emerging at a ~ 7. energy scale.

Predictions of conventional depairing mechanisms for SC;, SC,, and SC3: Here we summa-
rize the main findings resulting from the conventional depairing mechanisms in the context of
SC;, SC,, and SCs, within the Ising superconductor framework'”-**=", For SC,, we find that ex-
perimentally determined values of « are not well reproduced by realistic values of A\ < 10 meV
(see SI, section 8). More precisely, conventional depairing theory would predict higher resilience
(lower o by almost an order of magnitude) to the in-plane magnetic field. For the case of SC,,
we find that the conventional depairing theory applies well, explaining the large PVR. As such,
another mechanism, like the interband-interaction scenario in the main text, must account for the
relatively minor PVR in SC,. The direction of B can further shed light on the depairing mecha-
nism. Theoretically, SC; is not sensitive to the in-plane field direction, as reported previously in
Ref. 18. For SC,, because both FP(2,4) and FP(2, 2, 2) break the C; symmetry, we anticipate a
dependence of T, (or ) as the direction of B) is rotated. Experimentally, however, SC; shows no
significant variation in 7, as the magnetic field is rotated (Extended Data Fig. 17), suggesting that
this simple depairing picture relying on rigid occupancy of the trigonal-warping pockets should
be revisited with a self-consistent Hartree-fock (HF) pairing analysis, where the Fermi surfaces
adjust in response to the magnetic field. Finally, we also highlight that the mechanism discussed in
the main text, the modification of interband and intraband interactions with an in-plane magnetic
field, is entirely independent of the field direction. This is in accordance with the experimental
observations, yet contrasts with the “conventional” depairing analysis.
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Extended Data Fig. 1 | Device fabrication for BLG-WSe; twisting. a, Optical image of a WSe,
crystal. b, Second harmonic generation for the WSe, flake shown in a; the polarization of the
incident and reflected beams are selected to lie parallel to the scattering plane. ¢, Optical image
of a large BLG flake. Straight edges form angles 150° that are consistent with the three straight
edges being along zigzag- or armchair-edge direction. d, Zoom-in image of the BLG in ¢, showing
small BLG pieces that are separated by atomic-force-microscope-actuated cutting. e-g, Schematics
showing the flake transferring processes for the continuous interfacial twisting. The BLG pieces
are sequentially picked up with angles relative to WSe; in increments of 6°, from ~ 0° to 30°.
h, Optical image of the twisting stack, clearly showing that the BLG pieces form different twist
angles relative to the WSe, crystal. i, Optical image of the finished device set D1. All the scale
bars correspond to 10um.
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Extended Data Fig. 7 | Identifying FP (2, 2, 2) and FP(1, 3, 1) frequencies from the raw data.
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spectively. a,b, R, versus out-of-plane magnetic field B, and doping density n measured at
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Supplementary Information Fig. 3 | n-D phase diagrams for the device set D3. a—c, R, versus
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(a), 1.5 meV (b), and 1.5 meV (c¢), respectively. The devices are marked by the corresponding
labels in the optical image. Scale bar corresponds to 10um.
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Supplementary Information Fig. 4 | Phase diagram for a minimal Ising device. a, R,, versus
doping density n and displacement field D for the first device in the device set D2, with an Ising
SOC strength |A\;| ~ 0 meV. b, R, versus B and doping n measured at D /ey = 0.2 V/nm. ¢, FFT

of R..(1/B,) versus n and f,, where f, denotes the quantum oscillation frequency normalized to
the Luttinger volume.
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1 Comparing SC,, SC,, and SC; with the previous work in BLG

We first summarize the experimental trends in our manuscript: (2) SC; and SC; are only observed
in the devices with large Ising SOC; (i7) SC, features the largest phase space: with Iarger Ising
SOC, SC; onsets at higher D fields and has higher 7.. Compared with the previous work on
BLG/WSe,, the BLG/WSe, device in Ref. 17 features an Ising SOC |\;| ~ 0.7 meV, the onset D
field of which is roughly D /ey = 0.5 V/nm and the optimal 7. is roughly 300 mK. The observation
is aligned with our phase diagram of SCs: an intermediate |\;| gives an intermediate optimal T;
SC, onsets at an intermediate D field.

For the case of intrinsic BLG", equivalent to zero |\;|, superconductivity doesn’t show up at zero
magnetic field. Given the experimental trend in our manuscript (Fig. 2f), SC, with small enough
Ising will have a critical temperature approaching zero. SI Fig. 4a shows the n-D phase diagram
measured from a device with negligible Ising SOC. Despite the presence of WSes, Ising SOC is
minimal due to the angle alignment. The n-D phase diagram is overall symmetric over the sign of
D, consistent with the assignment that Ising is negligible in this device'’. For the negligible Ising
case, there is no superconductivity at the lowest accessible electron temperature ~ 30 mK. The
result is consistent with the Ising trend (Fig. 2e,f) and is also consistent with the case of intrinsic
BLG* where Ising SOC is zero.

Both in-plane magnetic field and Ising SOC favor the formation of superconductivity in BLG.
However, it is likely that in-plane magnetic field favors a spin-polarized normal state, while Ising
SOC favors a spin-valley locked normal state (with the complication of Hund’s coupling). Thus,
the resulting superconductivity could be quite different.

2 Continuum model of BLG and quantifying Ising SOC

The low-energy continuum model largely follows the parameters from Ref. 17 and is commonly
used to describe BLG**. A perpendicular displacement field D generates a potential difference
u = —d, D/egrc between the top and bottom layers. Here d; = 0.33 nm is the interlayer distance
and egr, ~ 4.3 is the relative permittivity of bilayer graphene. A continuum approximation of the
band structure returns a Hamiltonian of the form

u/2 vollf ST | L § |
| vl A4 w2 " i

Ho= 323 ulWhockue(h). otk = | T 0T 0 T i | @
¢ —o3llT —u,ll voll —u/2

where II = ((k, + ik,) and v; = %% Here, ¢ = +1 indicates the valley that has been expanded
about: K, K' = (£47/3a,0) with a = 0.246 nm the lattice constant of monolayer graphene. The
4 x 4 matrix he(k) is expressed in the sublattice/layer basis corresponding to creation/annihilation

operators of the form ¢ (k) = (Ve 1(k), Ve p1(k), Ve a2(k), Ye p2(k))”, where A/B indicate the
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sublattice, 1, 2 indicate the layer, and the momentum k is measured relative to K (indices denot-
ing the spin degrees of freedom have been suppressed). It will sometimes be convenient to express
the Hamiltonian in terms of the spinors ¢ (k) = (¢4 (k), v_(k))".

The common values quoted for the five parameters entering the continuum model in Eq. (4) are
Yo = 2.61 eV (intralayer nearest-neighbor tunneling), v; = 361 meV (leading interlayer tunnel-
ing), v3 = 283 meV (also known as trigonal warping term), 74 = 138 meV, and A’ = 15 meV
(potential difference between dimer and non-dimer sites)>*.

WSe, adjacent to BLG induces SOC via virtual tunnelling'" '

A A
Hsoc = Y > wl(k)hsocete(k),  hsoce(k) =P 71552 + TR(&TESy —o’s"),  (5)
P—_—

where the Pauli matrices ¢* and s°, i = x,, 2, respectively act on sublattice and spin degrees of
freedom. The operator P; projects onto the top graphene sheet, i.e., only the sites Al and B1:
P, = diag(lax2, O2x2) in the layer/sublattice basis used to express hg¢(k) in (4). The parameters
Ar and \r quantify the strength of the Ising and Rashba SOC.

Turning on a displacement field D, a gap opens at charge neutrality and the van Hove singularities
move apart in energy. The low-energy states near K and K’ become strongly layer- and sublattice-
polarized. That is, the low-energy wavefunctions near charge neutrality and under a large D field
are strongly localized on the “non-dimer sites” of BLG. The layer- and sublattice polarization of
the low-energy wavefunctions near the K, K’ points has important consequences for SOC induced
by the transition metal dichalcogenide (TMD). Rashba SOC does not act effectively in the low-
energy theory because it is off-diagonal in the sublattice degree of freedom. It therefore induces a
splitting only at second order in degenerate perturbation theory, with A& ~ (Agvok)?/(viu) with
u the interlayer potential®® (see also SI, section 2 and SI Fig. 10). By contrast, the Ising SOC acts
effectively in the subspace of sublattice- and layer-polarized wavefunctions.

With the parameters for continuum model and SOC, density of states within each valley can thus
be calculated. The band structure returns population within the four spin-valley flavors for a given
doping density. Accordingly, the splitting of quantum oscillation frequencies is obtained. Ising
SOC corresponds to the best fit to the doping-dependent FFT splitting at different D (Extended
Data Fig. 2).

3 Importance of interband superconductivity in BLG

Much of the experimental observations in BLG proximitized by WSe; may be understood in the
context of multiband superconductivity. Here, the bands correspond to the majority and minority
bands are split by the Ising spin-orbit coupling (ISOC), possibly further enhanced by electron-
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electron interactions. It is the coupling between these two sectors (majority and minority bands)
in the Cooper channel, i.e., pair scattering between the bands, that is crucial to interpreting the
experimental results.

The delayed onset (in terms of higher displacement fields) of superconductivity in the main dome
when the spin-orbit coupling is increased is elucidated in Sec. 6. When the density of states (DOS)
of both bands is high near the Fermi level, screening of the bare Coulomb repulsion becomes much
more efficient, enabling superconductivity mediated by some retarded attraction. As the bands are
further split by the ISOC, the band-concurrent high DOS region is pushed to higher displacement
fields. This is illustrated in SI Fig. 7.

The large variance in the behavior of the different superconducting region when an in-plane mag-
netic field is introduced, as manifested in varying Pauli-limit-violation ratios, is discussed in Sec. 7.
We consider the effect of a Zeeman term in gradually decoupling the majority and minor bands in
the Cooper channel. Analysing the energetics of spin magnetization in the presence of both ISOC
and Hund’s coupling, we illustrate how the main superconducting dome, where the imbalance be-
tween majority and minority carriers is the greatest, becomes most vulnerable to this effect. We
further demonstrate the experimental trends are well understood within our modeling. We stress
that the Zeeman coupling is not assumed to have any pair-breaking role, the effect we consider is
purely due to “shifting” interaction strength from the intraband part of the coupling matrix to the
interband part. In Sec. 8, we consider a more direct depairing model and contrast with the results
of the proposed mechanism here.

Finally, we note that in our analysis we do not specify or rely on what is the pairing glue which
mediates superconductivity. We remain agnostic with regards to its origin, as well as its intra-
band/interband nature, which do not modify our conclusions.

4 Variational Hartree-Fock

We begin by calculating the the non-interacting band structure of biased Bernal-stacked bilayer
graphene. Expanded around the valley K /K’ points in momentum space, the Hamiltonian is **

Hpra =Y el ghr (K) crae, (6)

k,7,s

with ¢, = (A1 75k, Birsks A2 sk, B2,‘rsk)T , where X, ;¢ annihilates an electron on sub-lattice X
in layer 7, with spin s, and momentum k near the valley 7. The matrix A, is given by

g vollr —uIlr —wsll,
| owll, S Ay —ulll
hT (k) - —U4H7— " _% + A/ U()H: ’ (7)
U

—’Ugn;k_ —'U4H7- U(]HT Y
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with II. = 7k, + ik,, and the parameters v; = %gafy,-, a = 0.246 nm, 7y = 2.61 eV, 11 = 361
meV, 73 = 283 meV, v, = 138 meV, and A’ = 15 meV>*. The interlayer potential difference U is
approximately U ~ —dD /e, where the interlayer distance is d ~ 0.33nm, € ~ 4.3, and D is the
displacement field. We diagonalize H g at each momentum, and extract the dispersion relation

of the lowest-lying valence band, which we denote by €, k.

Our analysis proceeds with a phenomenological description of the underlying physics of electrons
in this band in the spirit of Ref. 57, described by the 4-spinor Wy of fermionic annihilation operators
at momentum k, with valley and spin degrees of freedom, described by Pauli matrices 7; and s;,
respectively. We analyze the Hamiltonian,

H = Hy + Hisoc + Hint, 8)
Hy = Z \I’L (€+,k1 —;Tz + Gf,k1 _27—2) Uy, )
K
Hisoc = Z Ui \gT.5. Uy, (10)
K
Hin, = é > (%NQN_(, + Uyndn=, + JSE - S—q) : (11)
q

where Nq = Y, Ul U, nd = 3, UL, =0, ST = 3 Ol 2ETgTy and Q is the sys-
tem area. The term proportional to ) is the bare Ising-type spin-orbit coupling induced in the
valence band (at positive values of the electric displacement field) by the proximity to WSe,. The
structure of M, 1s the most general form of short-range interactions which respect the symmetry
of the system: time-reversal, SU(2) spin symmetry (in the absence of magnetic fields or spin-
orbit coupling), and the U(1) charge and (approximate) valley symmetries. The interaction term
proportional to U¢ is a structure-less density-density interaction, which is entirely SU(4) sym-
metric in valley-spin space, and is considered to be dominant as compared to the other two terms.
The term proportional to Uy accounts for possible differences between intravalley and interval-
ley density-density interactions and will be set to zero throughout this work, as it is non-essential
for correctly capturing the phenomenology we aim to study. Finally, J is the intervalley Hund’s
coupling between electron spins in opposite valleys.

Although the Ising spin-orbit coupling term Higoc explicitly breaks the flavor symmetry of the
system, i.e., not all spin-valley flavors are populated equally even in the absence of interactions,
the presence of non-negligible interactions in H;,; may significantly alter the non-interacting pic-
ture. We employ a variational Hartree-Fock procedure to resolve the different flavor-resolved fill-
ings. Our analysis thus proceeds as follows. At a given chemical potential p, the grand-potential
¢ = (H — ptNo)y ¢ is minimized, where ()  denotes the expectation value calculated using the
variational wavefunction,
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Ve =[] | 11 DU 0)s tars | ICN), (12)
k s’

T,8
€x>fiT,s

where 1, , \ annihilates an electron in valley 7 and spin s in the valence band at momentum k
with energy ey, |CN) is the flavor-symmetric charge-neutral Fermi-sea, and (1, s < 0 are the four
variational parameters corresponding to the four spin-valley flavors. The possibility of canting in

cos? sin?

the different valleys is captured by the matrix U (0) = (_ sinig cos %) . Notice that full canting,
2 2
i.e., alignment of the majority and minority bands according to their spin polarization corresponds

to 0 = /2, whereas spin-valley locking corresponds to # = 0 (no canting).

Obtaining the different p;, we calculate the flavor resolved densities v; = —% ook o, le,
i <er<0
(minus) the number of k points in the valence band whose energies are larger than p;. The total

density is thus n = > _.1;. The resultant Hartree-Fock Hamiltonian (up to additional constant
contributions) can thus be written as

Hyp = Y g (€ric = fir) Yrake (13)

Tsk

5 Multiband superconductivity framework

The starting point we consider for analyzing superconductivity in this work is an electronic system
with two bands, with each band being two-fold degenerate (in the present case due to spin). We
are interested in Cooper-channel interactions, and restrict ourselves to a superconducting gap with
trivial symmetry. In that case, the usual mean-field ansatz for the order parameter assumes a vector
form due to the multiband nature of the problem,

Ay 9z 9 S Dok Yoo o e SO kit ) )’
where €2 is the system volume, vy ,, ,, annihilates an electron with momentum k, in band n = 1, 2,
and internal flavor p = 4. We assume @initia1 1S @ matrix of repulsive interactions, originating
from the intrinsic (presumably Thomas-Fermi screened) Coulomb interaction. For reasons which

are clarified below, we take the intraband repulsion g to be the same in both bands, though a
generalization is straightforward within our analysis.

Given the form of A, the mean-field BCS Hamiltonian takes the form

Hpcs = Z fknp¢£np¢knp + Z (AT a4 ia— + A koo +h.c.)

k,n,p k

+ QAT (Ginisial) T A (15)
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and xy, represents the normal-state energy of the n, p band relative to the Fermi energy.
Our analysis will generally consist of three steps, detailed below.

Tolmachev-Anderson-Morel step We introduce an energy scale w*, below which some retarded
interaction is activated. Clearly, this approach, following Tolmachev*’, and Morel and Anderson®!,
is another significant simplification of what should generally be an energy-dependent interaction
in the Cooper channel, yet it is sufficient to illustrate all our key results. In the path-integral
formalism, we integrate out the electrons with energy greater than w* °®, obtaining the renormalized
interaction matrix,

1
gram (W) = |:(ginitial)_1 + <€1 52)} . (16)

o {0 pe <”>

where N, (§) is the DOS of the n-band at a distance ¢ away from the Fermi level. We may
explicitly write the elements of this matrix,

where we have defined

g+€2(92—992;> gz
Lrg(bitlo)+(g?—gD)al  THg(bitla)+(g?—gDale | = (U1 Uz (18)
9 g+t (92 —g2) '
14+g(61+£€2)+(g%2—9g2) 0182 1+g(L1+L2)+(g%—g2)l1 02

JTAM (W*) =

For the sake of illustration, consider two limiting cases. If the different bands are decoupled,
g = 0, we find
—9
gram (W) = (”gel g > ) (19)
1+gl2
which is of course two instances of the single band result. Conversely, when the interband interac-
tion is just as strong as the intraband one, g, = g,
gram (") ! g (20)
W) = =~ Yinitial,
grAM 1+g(£1+£2)9 tial

i.e., the DOS from both bands contributes to the renormalization and suppression of the repulsion
— a first hint at the inter-band interactions importance.

Retarded interaction We now introduce the retarded interaction in the Cooper channel. Gen-
erally, one may consider two possible scenarios. In the first, the interaction corresponds to an
intraband attraction, so we define

g — QTAM <W*> . (gintra ) ) (21)
Jintra

52



This is the conventional scenario, to which we refer throughout our calculations. In the second
scenario, the retarded interaction scatters Cooper pairs between the bands, and it is necessary to
consider interband repulsion, i.e.,

f] — gTAM (w*> + (g t ginter> ) (22)

We note that in the case of intraband interaction, one must have attraction to have any hope of
finding a BCS instability, yet for interband interactions this is not the case. However, as we will
demonstrate, interband repulsion is actually more favorable to superconductivity. This is because
it adds on top of the interband renormalized repulsion u,, instead of working against it.

Finding T, Having recovered the interaction matrix g, we turn to calculate the susceptibility
matrix as a function of temperature,

. . D, (T)
T) = 1 1 23
X(T) =g +( DQ(T)>, (23)
where the electrons inside the w* shell contribute the factors (diverging at 7" — 0),
W tanh %
D.(1) = [ deN (9 4

The superconducting instability is identified by the singularity of the inverse-susceptibility matrix,
1.e.,

det [ (T)] = 0. (25)

This is a transcendental equation for 7, which generally has two solutions, of which one must
choose the higher 7, as it marks the superconducting transition.

We may explicitly derive the form of this self-consistent equation for 7, in the two cases discussed
above:

1. Intraband attraction —

UiD1DQ = [1 - (gintra - U1) Dl] [1 - (gintra - UQ) DQ] . (26)

2. Interband repulsion —

(ug + ginter)2 DiDy = [1 +uy D] [1 + uxDy] . 27)
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The four-fold degenerate case may be of some interest (though irrelevant here considering the
experimental data). If D; = Dy, = D, and u; = uy = u, the equation for 7. looks the same for
both cases above, and reads

(gattraction —u+ u:p) D=1 (28)

It is now made even clearer, that in either case the interband interaction u, always ‘“assists” the
retarded pairing glue. It is actually even simpler in the fully degenerate case ¢; = {5 = /,

g — gz
_ 979 \p_q, 29
1+<g—gx>f) %

so T, is determined by the difference between the bare intraband and intraband repulsion, renor-
malized by the TAM mechanism.

<gattraction -

6 Superconductivity onset dependence on Ising spin-orbit coupling

We consider the main superconducting region across the different devices, referred to as “SC,”.
Consistently, it has been shown by Fermiology measurements that the parent normal-state is mostly
two-fold degenerate. In the non-interacting limit, the state is comprised of two spin-valley-locked
sectors, the so-called majority and minority bands, split by an energy ~ 2),. Interactions tend to
modify the energy separation, and possibly induce canting, which render the spin-valley locking
only approximate.

As the Ising spin-orbit increases and the bands become more separated (interactions only enhance
this trend), the high-DOS regions in the two bands move further away from each other, as well.
Consequently, it becomes exceedingly difficult to stabilize a regime where the DOS in the vicinity
of the Fermi energy is high in both bands. A higher displacement field effectively enhances the
high DOS region at energies just below the van Hove singularity, and thus make this simultaneous-
high-DOS regime possible again.

As an illustration of this phenomenon, let us consider the effective Tolmachev-Anderson-Morel
pseudo-potential

. - o (0 -
Pt = vV det gram (w*) = \/det [(ginitial) '+ < ! 62)] : (30)

The interaction p;; ,,; can easily be verified to give the familiar TAM pseudo-potential in the single
band case. Investigating this interaction is motivated by the fact that a superconducting transition
is associated with a singularity of the ¢ matrix emerging at some energy scale. We point out that
this singularity cannot occur without retardation, unless |g,| > ¢ (this encompasses both attractive
interactions g < 0, and cases where interband scattering dominates).

We plot the interaction strength p; ... across the phase diagram for different values of the induced
ISOC ) in SI Fig. 7. Focusing our attention to within the blank white regions (those indicate

54



Ag = 0.2 meV Ap = 0.3 meV

3
-
=

=]
=
=]
=

=50 =50 =
= = = UTAM
40 40 , TAM
= =~ = | (10712 meV em?]
30 30
3.2
20 V- 20
-12 -10 -B -fi -4 -2 0 -12 10 -8 -6 -4 -2 0 §
n [em~? x 10! n [em™?) x10% 3
) 2.8
Ao = 0.6 meV
70 0 -
2.6
60 G0
— 50 — 50 — 24
= = [
E 10 = A -
30 30
20 . . 20 =
-12 =10 -8 -6 -4 -2 0 -12 =10 -8 -fi -4 -2 0 - -
n [em™7| %10 n [em™) x 101 n [em™?) % 10M

Supplementary Information Fig. 7 | ISOC dependence of the residual Coulomb repulsion
teusie Different panels correspond to calculations of Eq. (30) in the presence of different ISOC
values, indicated on top of each panel. The first and last panels correspond to Fig. 21 in the main
text. Note that the Ising splitting referred to in the main text is A\; = 2),, where )\, enters the
model via Eq. (10). For emphasis, the black contour line marks the value i .. = 2.7 x 1072
meV cm?. The blank white regions mark areas where the system develops valley-polarization, and
superconductivity is thus suppressed. Here, we use the Thomas-Fermi screening approximation,
where g ~ N,.;. (Er), the total Fermi-level DOS, and g, = 0.5g. Other parameters used in this
plot: w* = 0.35 meV, Uz = 1.4eV nm?, J = Uy = 0.2 eV nm?.

where two-fold degeneracy is broken within our simplified analysis), we discover the sought-after
trend. Namely, the border of low i ;, and thus superconductivity threshold, moves to higher
displacement fields when the ISOC is gradually enhanced. Again, this is due to the interband part
of the interaction being most efficient when the DOS near the Fermi level is high in both bands at

the same time.

7 Effect of Zeeman magnetic field

Let us discuss how Zeeman coupling of the in-plane magnetic field eventually impacts supercon-
ductivity itself.

Intravalley vs. Intervalley interactions Suppose the system we consider is characterized by
two interaction scales: low-momentum scattering V;, and intervalley scattering V(. Originating
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in Coulomb repulsion, which scales as 1/¢ (¢ is the magnitude of momentum scattered), one
might assume V{ > V(. This assumption relies on the Fermi momentum, kr ~ +/n/4 ~ 0.05
nm~!, being much smaller than the intervalley momentum scale, ) ~ 17 nm~!. However, as was
similarly argued in Refs. 57,59, 60, kr is not the relevant momentum here, as significant Thomas-
Fermi screening takes place. The Thomas-Fermi momentum, grp = 27N (fi) /¢, is of order
O (10nm™!) (considering ¢, = 4 for hBN and the relevant density ranges). It is thus entirely
possible that Vj, and V(y are comparable in strength, and both are of the order of magnitude of the
inverse DOS at the Fermi level (as the Thomas-Fermi approximation suggests).

Considering the two bands or sectors are separated by spin-valley locking (mostly due to the in-
duced Ising spin-orbit coupling), one identifies

where we have assumed the scattering interactions preserve spin. However, if everything is kept
the same, but now a canting angle 6 € [O, %] is introduced, such that # = 0 corresponds to the
spin-valley locked phase, and § = /2 corresponds to two sectors with completely opposite spin
polarization within the plane, one finds

g=W+Vy sin?f, ¢, = Vo (1 — sin? 9) . (32)

Notice that for complete polarization g, vanishes — this process now flips two spins and cannot
be facilitated by the Coulomb interactions. Through this relation, and the self-consistent equation
for superconducting 7., superconductivity becomes directly impacted by the canting angle. Impor-
tantly, no pair-breaking within the different sectors occurs, and the Zeeman effect (which we will
now demonstrate) only acts as a knob on the Cooper channel interaction strength.

Canting due to Zeeman in the presence of interactions Consider the mean-field free energy of
a two-fold symmetric phase, with order parameter dn, in the presence of short-range repulsion U,
ferromagnetic Hund’s coupling ./, and in-plane Zeeman energy V7,

n+on n n—on n Ue .,
F . =2Fin | ———; — 2B | ——— 5 — | — —
<5n7¢7 n) kin ( 4 ) 4) + kin ( 4 ) 4> 5”
— XoS.T, — JSL -8 = V55, (33)
where Eyi, (nq; ng) is the kinetic energy associated with maintaining the density n; instead of the

paramagnetic density n,. In terms of the sector imbalance 9,, and canting angle ¢, the magnetic
part of the free energy is

Fmag
on

Let us approximate the dependence on dn and the canting angle 6 as being roughly separable.
In that case, we may minimize Fy,,, with respect to ¢ independently, arriving at the following
transcendental equation for extracting 6,

Mo tanf — Jonsinf = V. (35)

= —Agcosf + %Sn cos 20 — Vsin 6. (34)
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Notice that for V; = 0, one obtains § = cos™! W, and one obtains full spin polarization

(9 = m/2) in the absence of spin-orbit coupling, as expected. Importantly, Eq. (35) clearly indicates
the role of the majority-minority imbalance dn in determining the canting angle, as well as its
susceptibility to a Zeeman term.

Comparison of different superconducting regions The mechanism described in detail above
sheds light on the differing behaviors of various superconducting domes when subjected to an
in-plane magnetic field.

The particularly relevant regions, considering the flavor occupation picture revealed by quantum
oscillations, are SC; and the higher-hole-density part of SC, (the main dome). These two super-
conductors fit nicely within our framework of interband superconductivity, as they are comprised
of two bands, minority and majority, each doubly degenerate. However, they have one impor-
tant differentiating feature: the relevant interband polarization on is significantly larger for SC,.
The difference can already be gleaned from the experimental data, see Fig. 3¢ of the main text,
where the quantum-oscillations feature corresponding to the majority band drops abruptly in the
SC; region. This indicates a much smaller on. The difference in dn is also readily apparent in our
variational Hartree-Fock calculation, SI Fig. 8a, where it can be traced to the different DOS in the
appropriate filling range.

As such, we would expect [given Egs. (35) and (32)] SC; to be much more sensitive to the in-
plane field as compared to SC;. In SI Fig. 8b, we compare the relative strength of intraband and
interband interactions as a function of magnetic field, for two representative values of én. The
canting angle is extracted via Eq. (35). As expected, the interactions corresponding to SC, are
much more sensitive to the in-plane field. This is in complete agreement with the experimental
data, as the Pauli-limit violation ratio (PVR) for SC; is ~ 18, whereas for SCs it is noticeably
lower, PVR~ 4.

Remarkably, the trend in 7 in this part of SC, is well captured by our model calculations. For
a large portion of this region, the critical temperature at small magnetic fields largely follows the
relation

T, (B)) — T.(0) ~ —aBj. (36)

For example, in the data presented in Fig. 4 in the main text, the experimental value remains
roughly constant in the left (lower density) part of the SC, dome, with o ~ 0.08 Kelvin/Tesla?.
Our calculations, taking into account the magnetic field effects discussed in this section, are in
good agreement both with the Bﬁ trend, and with the numerical value of the prefactor a. This is
demonstrated in SI Fig. 9, where the 7, behavior follows almost perfectly the behavior in Eq. (36)
with the approximate experimental value.

To perform these calculations, we take as phenomenological input the shape of the Fermi surfaces
observed in quantum oscillations. For the majority bands we take density per flavor in the range
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Supplementary Information Fig. 8 | Understanding the discrepancy of in-plane magnetic
field sensitivity between SC, and SC,. a, Majority-minority band population imbalance dn as
a function of density. Here we used D = 0.8 V/nm, and \; = 0.6 meV. Gray rectangles mark
regions where the two-fold degeneracy is broken within our variational Hartree-Fock analysis.
The parameters we use to extract the normal state properties are identical to those in SI Fig. 7.
b, Relative difference between the intraband (g) and interband g, interactions as a function of
magnetic field. We plot the trend for two representative values of dn (indicated in the panel),
appropriate for the SC; (orange) and SCs regions. It is clear that repulsion grows more rapidly

with magnetic field in the SC; region, alluding to the enhanced sensitivity of the corresponding
superconductor. Here, V5 = 3.1 eV nm?, V = 2.2 eV nm?.
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[—3.35, —2.85] 10! cm™2, and for the minority bands [—1.31, —1.2] 10'! cm™2. Moreover, to ac-
count for the fact that the minority bands consist of two small pockets (instead of the expected three
due to trigonal warping), we introduce a nematic order parameter which breaks the C'; symmetry,

Anem
hr (k) = hr (k) + ) 37
Anem

and we used A, ., = —15 meV to match the experimental observation in the desired density range.
Other parameters used: w* = 0.8 meV, Vj = 3.1 eV nm?, Vo = 2.2 eV nm?, J = 0.1 eV nm?,
Gattraction — 0.41eV nm2’ U =76 meV, )\0 = 0.6 meV.

Conversely, there is a marked change in behavior of SC, when moving closer to the charge neu-
trality point. Namely, 7. becomes much less sensitive to magnetic fields and the magnitude of the
corresponding « prefactor becomes much smaller. Again, the quantum oscillation data provides
us with important information. The data is consistent with flavor polarization developing within
the minority bands themselves. Such polarization can be characterized by an order parameter
dMminority, Such that in the absence of polarization dnminerity = 0, and when only one flavor (of the
two minority ones) is occupied 07minority = Mminority- UNder the reasonable assumption of zero-
momentum Cooper pairing, and considering the fact that the newly polarized flavors correspond to
opposite valleys, one expects the minority bands to gradually decouple from the Cooper channel
as this polarization increases.

To concretely illustrate this effect, we extract the appropriate Fermi energies in the minority sector,
which correspond to a given 07minority»

E, E_
2/ dENZ (6) = TMminority + 5nminority7 2/ dENQ (E) = TMminority — 5nminority- (38)
0 0

Taking Ey = E (0nminority = 0), we define £, = £ — Ey. Thus, in the presence of this secondary
polarization the appropriate Cooper integrals in the minority sector are altered,

0o min{—w*,£_}
= {/ +f }d§N2 &), (39)
max{w*,{+} —00 |§|

max{w*,&4} &- £
D, = { / + / }dm () 0 ar (40)

£+ min{—w* £} §
We have implicitly assumed here that the relevant temperature regime, i.e., the vicinity of 7., is

much smaller than . /kp. Notice that in the absence of polarization {, = £_ = 0, and we recover
the previous expressions.

As we show in SI Fig. 9, we indeed recover the experimental trend. The underlying reason is that
the magnetic field behavior we consider relates solely to the interband interactions in the Cooper
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Supplementary Information Fig. 9 | In-plane field dependence of superconductivity in the
SC, dome. a, The coefficient « extracted for a range of densities corresponding to the lower
density region of SC,, featuring an approximately constant coefficient. b, At the highest density
of panel a, we introduce a polarization within the minority sector. The polarization gradually
decouples the minority band from the Cooper channel, making the superconductor less sensitive
to the magnetic field. ¢,d, Representative plots used to extract the fit parameter «v in panels a,b,
respectively. Details regarding the methodology and precise parameters used in the calculations
can be found in the text of Sec. 7.
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channel between majority and minority bands. Once one of these sectors stops “pulling its own
weight”, eventually only an effective single-band (only majority) superconductor remains, and the
magnetic field may only impact it through other effects we do not consider, e.g., an orbital effect
(See also discussion of Sec. 8).

In this context, it is worth mentioning that in the normal state of SC3 the quantum oscillation data is
consistent with single band superconductivity, with significant time-reversal symmetry breaking in
at least one of the sectors. As a result, our analysis would suggest reduced sensitivity to the B for
the same reason we just discussed. Remarkably, it appears indeed that SCs is the superconducting
pocket which is most robust in the presence of the magnetic field, and has by far the largest Pauli
limit violation in the measured devices.

In summary, the behavior of the different superconducting pockets as a response to an in-plane
magnetic field strongly suggests that interband interactions in the Cooper channel play a crucial
role in BLG superconductivity. Recognizing this prominent role, we may comment on the disparity
between superconductivity in BLG with or without WSe,. Namely, in the former superconductiv-
ity is much stronger and more robust than the latter. In the two-fold polarized regime (majority
and minority sectors are well separated in energy), the system is spin-polarized without WSe,
due to intervalley Hund’s coupling. Thus, interband interactions are entirely absent in the Cooper
channel due to spin conservation. Introduction of Ising spin orbit coupling “re-shuffles” the po-
larization cascade, and favors spin-valley locking as the two-fold phase even at moderate values
of the induced spin orbit coupling. This “shifts” interaction strength from the intraband part of
the coupling matrix to the interband part, Eq. (32). As we have demonstrated above, such a shift
towards stronger interband interactions may have a great positive impact on superconductivity.

8 Analysis of SOC, orbital and Zeeman depairing mechanisms

We now discuss SOC, orbital, and Zeeman depairing mechanisms in Ising superconductors. We
follow the treatment first developed in Ref. 48 to compute the response to a Zeeman field of non-
centrosymmetric superconductors with Rashba SOC, later generalized in Refs. 49, 50 to systems
with a coexistence of Ising and Rashba SOC. Parts of the discussion present in this supplement
mirror our earlier analysis of Ref. 17. The analysis of this section complements the previous
section, intending to provide contrast and further strengthen the interpretation above. Namely,
the trends observed in the experiment as a function of in-plane magnetic field likely points to the
prominence of majority-minority interband interactions.

We assume that as a result of flavor symmetry-breaking transition (cascade), the carriers in the
parent states of SC;, SC,, and SC3 occupy the relevant number of trigonal-warping pockets as
discussed in the main text. Each trigonal-warping pocket we model as two electronic bands cen-
tered around trigonal-warping loci T that respectively originate from the K and K’ valleys. We
also assume that the selected pockets in the two valleys are time-reversed partners of each other to
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allow for the formation of zero-momentum pairing naturally.

As mentioned in the text, we stress that the quantum oscillation data do not directly reveal ne-
maticity but rather only inform about the number and relative sizes of Fermi pockets. If the Fermi
pockets are not the trigonal warping pockets but rather some other Fermi pockets resulting from
the interaction-driven reconstruction of the electronic spectrum, then the following modeling could
still apply, provided that time reversal symmetry 7, which relates the two remaining small pockets
is preserved. The specific relation between the effective Ising, Rashba, and orbital coupling, how-
ever, in such a case, would not be related to the microscopic parameters of the continuum model
that we will derive in the following subsection.

Effective Hamiltonian in the trigonal warping pockets Here we derive an effective low-energy
2 x 2 Hamiltonian describing two SOC split bands at each trigonal warping loci. This Hamilto-
nian serves as a starting point for the following analysis as it allows us to connect microscopic
model parameters (Ising, Rashba, Orbital, displacement field) with the low-energy theory. The
purpose of this exercise is to provide analytic intuition about what energy and momentum scales
in the problem control the depairing. Moreover, this procedure allows us to reduce the number of
fitting parameters to just Rashba coupling as Ising SOC is determined experimentally, and orbital
coupling is a property of the system.

The starting point of our analysis is the valley-dependent (7 = +1) Hamiltonian in spin, layer, and
sublattice basis:
hfuir = hor + hrr+hrs + horpr + bz, 41)

where hg, = sy ® h, with h, given by Eq. (7) (we set A" = 0 for simplicity) and describes the
non-interacting Hamiltonian of bilayer graphene in the absence of SOC and magnetic field. We
use the shorthand notation, sy, s, S, 5., for Pauli matrices in the spin space. The other entries in
the above expression correspond to Ising SOC (h; -), Rashba SOC(hp ;), orbital coupling (herp ),
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and Zeeman energy (hz). They are given by:
1 000
1 01 00
hz,T—QT)\z 91 0 0 0 0 (42)
00 00
01 00 0 — 0 0
1 1 000 1 0 0 0
hrr =3AR T @ g 0 g 0 | 7= 0 0 0 0 3)
0 0 0O 0O 0 0 O
1 00 0
. 01 0O
hz = upB |(cosfps; + sinfgs,) ® 0010 (44)
0 0 01
0O -1 00 0 — 0 0
. -1 0 00 1 0 0 0
horbr = Aory | TSINOBS) @ 0 0 0 1 + cosfp ® 00 0 ; (45)
0 0O 1 0 0 0 —2 0

In the above expressions, we explicitly write the sublattice and layer structure of the matrices to
highlight that the Ising and Rashba SOC are induced only on one layer, which is in proximity to
the TMD. The angle 05 determines the direction of the in-plane magnetic field B with 5 = 0
corresponding to the x-direction in the continuum model. The orbital coupling enters via minimal
coupling (See Ref.61 for derivation). Its magnitude (See also Ref. 17):

voed \/gvoaoed ~0.14 meV
on 4h T  Tesla

)\orb =

(46)

yields a stronger coupling than the spin Zeeman term hy with the Bohr magneton pup ~ 0.06
meV/Tesla hinting at the role of orbital coupling in depairing. In the above Hamiltonian, in princi-
ple, all parameters are known or determined via experiment except \g.

We now follow the standard perturbation theory approach discussed, for example, in Ref. 34,56
to arrive at a low-energy theory description of the trigonal warping pockets. The difference in
our analysis compared to that of Ref. 34,56 is that we keep both the trigonal warping term, vs,
which is necessary to account for the three pockets as well as the displacement field U necessary
to polarize charges to one side. Details and further discussion of the calculation are provided in
Ref. 62. Carrying out the analysis, we arrive at an effective Hamiltonian h.s¢, in each trigonal
warping pocket (in the spin up and down basis):

hefir = hos 4 hir + hgs + horpr + hz, (47)
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where the individual terms are:

hor = " (p)so (48)
re ST, (49)
Norb,r = Gorb(P)S0 (50)
hpr % (97.2(P)3y = 9ry(P)s:) (51)
hz =~ pupB (cosOps, +sinfgs,) . (52)

Here we expanded around a trigonal warping center located along the z-axis focusing on leading
order terms where v, (v) and ~y; were the large energy scales in the problem (Analogously to Ref.
34,56). The dispersion of other pockets can be analogously derived by the rotating location of the
T'. Momentum p is measured with respect to the trigonal warping pocket center T' = T'z:

SR F AT 4 3
T_ Viv3 + 4U2U + 37103 (53)

The parameters v, v3, v are the continuum model parameters defined in Eq. (7). U is the applied
displacement field in units of energy difference across layers. As the displacement field grows, the
trigonal warping centers move away from the K, K’ points with Uv comparable to 7, v3 for the
relevant U for the experiment.

In the above equation the effective orbital coupling scale g, 1s

Uv(py cosOp — (1T + p,)sinfp)

. 54
o1 O

Gorb = )\orb

We see that as U increases, the role of orbital coupling becomes more pronounced. We also see
that the effective orbital coupling has two characteristic momentum scales: (z) one sensitive to
the filling of the small pockets (i.e., momentum p dependent) and (¢¢) one set by the location
of the trigonal warping pocket 7. Depending on the orientation of the magnetic field (), the
effective orbital coupling can change drastically, hinting at a potential sensitivity to in-plane field
orientation.

Lastly the effective Rashba couplings g ,(p) and gr ,(p) are given by:

pyv (14, Tz + U?)
+(pP) = A 55
9r.«(P) R 120 (55)
~ TTUv  pyv (109, Tvz + 3U?)

Just as in the case of the effective orbital coupling, we find that there are two contributions to the
effective Rashba coupling: (z) one set by the location of the trigonal warping pocket 7" and (i7) one
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controlled by the doping of each pocket and hence momentum p,, p,. Physically, the two origins
of the terms make sense: (i) controls the winding of the Rashba spin texture around the K, K’
points, and (¢7) controls the winding of the Rashba spin texture around the trigonal warping center.
In the above expression, we focused on the leading order terms for typical numerical values (See
Ref. 62 for further discussion).

Crucially, from the above result, we find that the effective Ising in each trigonal pocket is, to lead-
ing order, unmodified from the microscopic Ising value by the projection to each pocket. However,
the effective orbital and Rashba contributions are different. Both orbital and Rashba contributions
feature dependence on two characteristic momenta: () momentum location of the trigonal warping
pocket from the K, K’ (which is displacement field (UU) dependent) and (i) a momentum p mea-
sured with respect to each pocket center. Both terms are significant in determining the magnitude
of the effective orbital and Rashba parameters.

Depairing analysis for \; < Er We now proceed to analyze the depairing mechanisms using
the practical model of Eq. (47) as the normal state Hamiltonian. As mentioned before, we will
follow the treatment first developed in Ref. 48 to compute the response to a Zeeman field of non-
centrosymmetric superconductors with Rashba SOC, later generalized in Refs. 49, 50 to systems
with a coexistence of Ising and Rashba SOC. The approach mirrors that carried out by us in Ref.
17, however here we focus on analytical understanding of the Tx — T limit (here T is the
depairing temperature in the absence of in-plane field). We will also use the results of the previous
subsection to constrain the estimates with realistic microscopic parameters.

To connect to the previous work of Ref. 17, we further rewrite the normal-state Hamiltonian as

hesso(B) = €B) + 57Ar5" + (s X 9(P) -2+ b5+ (bx g(p)) 7 (5T
On the right side (k) is the spin-orbit-free normal state band structure, which we linearize near
the Fermi surface as (k) ~ vp(p — pr) (pr denotes the Fermi momentum measured from the
center T' of the pocket). The next two terms incorporate Ising and Rashba SOC. Although the
Rashba SOC, when projected to the trigonal warping pocket, is not isotropic with respect to the
pocket center (as the pocket is not isotropic either), see Eq. (51), for simplicity of the analysis, we
will approximate the Rashba as

TTUv 0 (10, Tvs + 3U?)
T T 17

9r(P) = gro + gr1(Py: D) grO = AR (58)
By comparison with Eq.(51), this overestimates the Rashba coupling, but for the purpose of this
analysis, it is sufficient. For the orbital coupling, we focus on the in-plane field oriented along
x-axis (we leave the discussion of in-plane direction dependence to the next section), giving

Uv
Gors(D) = ATP (0,1) (59)

1
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The term b - s is simply the Zeeman energy, which for an in-plane magnetic field B along z-axis
takes the form b = (up B, 0,0) with u the Bohr magneton. We pause here to highlight that unlike
the analysis of Ref. 17, here, in principle, there is only one undermined parameter Ap with the
remainder of the Hamiltonian known.

To analyze depairing, we then consider a local (momentum-independent) spin-singlet pairing term
that gives rise to superconductivity with a critical temperature 7° at zero magnetic field. In the
presence of an in-plane magnetic field B, the superconductivity is weakened through a combination
of spin and orbital effects, with T, < T given by the solution of a self-consistent gap equation
linearized near the second-order transition at 7, where the pairing amplitude A — (,*-0:63.64

T. T. . . .
n(75) = 52 ((f T toGurtpivnni (ki) ). @

o FS

Here )~ denotes a summation over Matsubara frequencies iwy, (---)rs denotes a Fermi sur-
face average and Tr{- - - } is a trace over spin Pauli matrices, and Gy - (p, iw,,) is the normal-state
Green’s function given of the Hamiltonian from Eq.(57). The above equation can be further simpli-
fied (as done previously and in literature**=") to yield a non-linear equation connecting critical de-
pairing magnetic field with the relevant temperature 7-. The pairing glue strength is parametrized
here by the T - the temperature without a magnetic field. We also note that in arriving at the
above equation, we used the condition that chemical potential £ is larger than any SOC scale.
Thus, we also allow for an interband pairing in the above expression, however the pairing glue is
not renormalized as discussed in the mechanism from the previous section. In the next subsection,
we focus on the other limit of Ep << ;.

To make an explicit connection to the experimental fitting of T = Tog — aB?, we focus on the
Tc — T limit of Eq.(60). In such cases, we can arrive at (See Ref. 62 for further discussion and
details of the derivation) at a microscopic expression for «

o = g + Qorp o
23 + g3 acty g
ap ~ Tooph s ®(p) + 3 . ”
0 C,oHB ()\% + 912%)2 (p) 2/@23Tco /\% + §12% °
-9 "

Yorb v <1/2)
or ~ 12 0 T 82 63
orb (676 k%TCO (676} 87T2 ( )

where we separated « into two parts orbital independent (o) and orbital dependent part(c,,p).
Here, the effective Fermi surface averaged Rashba and orbital couplings are given by:

B Uvpr TTUv v (107, Tvs + 3U?)
o R~ Ay PE G\ A . 64
Jorb b 22 Jr R 1?2 + Ar 120 Pr (64)

The special functions are defined as

wtnp () ()R e

2 2 7T/{ZBT070
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Supplementary Information Fig. 10 | Effective Rashba SOC in the trigonal warping pock-
ets. a,b, The effective Rashba SOC in the trigonal warping pockets (see Eq. 64 and the related
derivations).

and W(z), U"(z) is the DiGamma function and its second order derivative.

We briefly comment on the evolution of the effective Rashba coupling in SI Fig. 10. We find that
for moderate values (U > 15 meV) of interlayer potential difference U, the microscopic Rashba
induced by WSe, becomes strongly suppressed. To relate the value of U above which the effective
Rashba is suppressed, we can refer to optical measurements of the BLG band gap, see Ref. 65.
U~15 meV corresponds to D /ey ~ 0.2 V/nm. This is in agreement with our experimental results
where we find minimal effect of Rashba splitting at D /eg = 0.2 V/nm.

Let us now analyze the consequences of the result in Eq.(61). As expected, when Ising SOC in-
creases, o decreases, in line with the expected Ising superconductor behavior (i.e., superconductor
becomes more resilient to depairing). Rashba SOC and orbital coupling contribute to depairing,
with the contributions being additive. SI Fig. 11a-c shows plots of the two parts of the o coeffi-
cient separately (SI Fig. 11a,b) and combined (SI Fig. 11c) as a function of layer potential U and
microscopic Ag for pp ~ /n/4 ~ 0.05 nm~! at Teo ~ 100mK and A\; = 1.5 meV. We find that
no realistic value of A\ < 10 meV reproduces the experimental values of a~0.1K /T2 seen in SC,
(we are about an order of magnitude too small). This conclusion also holds if the direction of the
B, were rotated to increase the orbital coupling, c.f. Eq.(54). For the SC,; case however where the
superconductor is more robust to depairing with the experimental o < 0.01 K /T2 the theoretically
predicted « is in agreement for reasonable A\p < 2 meV values.
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Supplementary Information Fig. 11 | Coefficient o in T = Tr o — aB? in the Ep > )\;
limit. Dependence of the coefficents o (a), vy (b), and o = g + @ (€) from Eq.(61) on layer
potential U and Rashba coupling A\r. Here we use pr ~ y/n/4 ~ 0.05 nm™! at T¢p &~ 100 mK
and \; = 1.5 meV.

To phrase it differently, using realistic microscopic SOC and orbital coupling values is insufficient
to account for the suppression of superconductivity with an in-plane field in the SC, phase. This
apparent robustness is a consequence of approximating the intra and interband pairing as having
constant magnitude. As argued in Sec. 7, however, the interband and intraband interactions are
modified in the presence of a magnetic field due to canting effects, thus reducing the robustness to
the in-plane field and increasing o.

Depairing analysis for \; > FEp In the analysis of the previous section, we were working in
the conventional limit used for the Ising superconductors of Fr being the largest energy scale in
the problem. As a result, the microscopic dispersion dependence §, effectively dropped out of
the calculation. However, given that in the large U limit, the trigonal warping pockets become flat
promoting interactions, it is also insightful to consider the other limit of \; > E. In this limit, we
will focus solely on an intraband pairing between the small trigonal warping pockets (the minority
carriers) in each valley, as the interband pairing should be subleading.

We begin by writing the linearized intraband gap equation for the pairing temperature

2 / 2p tanh <2£;’%C> + tanh (;;;g

) ; (66)
g (2m)? €rp T € _p

where €., = € + 5., is the dispersion of carriers. Here € , is the dispersion of the carriers in
the absence of SOC and magnetic field (See Eq.(47)) and the s, ;, is the SOC, orbital and Zeeman
field dependent part. Crucially eg,p = e(lTﬁUecp, but s, , # s_,_p giving rise to depairing.

To eliminate the pairing constant g we can use the analogous 7 expression

9 _/ *p tanh <2k e ) + tanh (#) -
A

g 277)2 €rpt+€rp ’
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where €_, _j, is the dispersion €, , = e p T Stp evaluated at B — 0. Using Eq.(66) and Eq.(67),
eliminated g and expanding near 7> — qu we arrive at the desired form

To =Teo — aB?, (68)
where

260 —|—>\[
~T G~ | [ A 69
@ C“ / o 22kBTcoseC ( thpTeo > (69)

and the function F' is given by a series expansion of

1 d2p tanh (2]4::—;070> + tanh (2;?&;?0) tanh (2]6:—’71?0,0> + tanh <2;;i:6'pjo>
F~— ( — (70)

B2 2m)? €rp T €rp €rp T €rp

in powers of magnetic field B, the leading order of which is independent of B as required. The
perturbation can be evaluated in a closed form; however, the resulting expression is not particularly
transparent.

Let us now analyze the consequences of the result in Eq.(69) mirroring the analysis of the previous
section. SI Fig. 12a shows a plot of numerically determined « coefficient from Eq.(69) as a
function of layer potential U and microscopic Ag for pr ~ y/n/4 ~ 0.05 nm™" at Ty ~ 100 mK
and A\; = 1.5 meV. We again see that no realistic value of Az <10 meV reproduces the experimental
values of a~0.1K/T? seen in SC, for large U values. This again supports our conclusions of the
previous depairing analysis and points towards the mechanism of Sec.7 as controlling the resilience
to the magnetic field of the SC,.

In SI Fig. 12b, we fix Ag = 2meV and U = 65 meV and vary the orientation of in-plane magnetic
field Op. The three curves (05 = 0, 120° 240°) correspond to the expected depairing if only one of
the three trigonal warping pockets is occupied. When all three pockets are occupied (as in SCy),
there is no dependence on an in-plane B field direction in line with results of Ref. 18. While
the precise value of « is controlled by T, Ar and U, we notice that if only one pocket were
occupied, then one expects a significant variation in /¢ as a function of in-plane B field direction.
This contrasts the experiment; see Extended Data Fig. 17, thus suggesting that perhaps a strict
“flocking” model is not applicable and the Fermi surface could reconstruct itself in response to the
applied B field to minimize depairing - a proposal that can be verified in future self-consistent HF
works that allow for nematicity.
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Supplementary Information Fig. 12 | Coefficient o in T = T — aB? in the \; > Fr limit.
a, Dependence of the coefficent o from Eq.(69) for various potentials U and Rashba coupling Ag.

Here we use pp ~ y/n/4 ~ 0.05 nm~! at T ~ 100 mK and A\; = 1.5 meV. b, Dependence of «

on an in-plane B field direction 6. Here U = 65 meV, Ag = 2 meV. 6p = 0, 120°, 240° label the

three trigonal warping pockets. See also the discussion in the text.
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