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The time-reversal symmetry (7°) breaking is a signature of ferromagnetism, giving rise to such phenomena
as the anomalous Hall effect (AHE) and orbital magnetism. Nevertheless, 7 can also be broken in certain
classes of antiferromagnets, such as weak ferromagnets or altermagnets, which remain invariant under spatial
inversion. In light of this similarity with ferromagnetism, it is tempting to ask whether such an unconventional
antiferromagnetic (AFM) state can be represented as the simplest ferromagnetic one, i.e., within the minimal unit
cell containing only one magnetic site. We show that such a representation is possible due to a special form of the
spin-orbit (SO) interaction in an antipolar lattice hosting this AFM state. The inversion symmetry constrains the
form of the SO interaction, which becomes invariant under the symmetry operation {S|t}, combining the 180°
rotation of spins (S) with the lattice shift t, connecting two antiferromagnetically coupled sublattices. This is the
fundamental symmetry property of centrosymmetric antiferromagnets, which justifies the use of the generalized
Bloch theorem and transformation to the local coordinate frame with one magnetic site per cell. It naturally
explains the emergence of AHE and net orbital magnetization, and provides transparent expressions for these
properties in terms of the electron hoppings and SO interaction operating between AFM sublattices, as well as
the orthorhombic strain, controlling the piezomagnetic response. The idea is illustrated on a number of examples
including a two-dimensional square lattice, monoclinic VF, and CuF,, and RuO,-type materials with the rutile

structure, using for these purposes realistic models derived from first-principles calculations.

DOI: 10.1103/myy9-7pm5

I. INTRODUCTION

Canonically, the time-reversal symmetry (7) breaking was
synonymous with ferromagnetism. The magnetic unit cell of
a regular ferromagnet coincides with the chemical one, but
the electronic structure for the states with spins “up” and
“down” is different, so that the ferromagnetic (FM) system
is characterized by a finite spin magnetic moment, which has
the same direction at all magnetic sites. On the contrary, the
regular antiferromagnet is characterized by the doubling of
the unit cell, so that two magnetic sublattices, which in the
FM state would be connected by a primitive translation ft,
are occupied by atoms with opposite directions of spins. The
basic symmetry of the regular antiferromagnetic (AFM) state
is {T'|t}, where T is combined with the lattice translation t of
the chemical cell. Therefore, although 7 is microscopically
broken, it is preserved macroscopically, after averaging over
two AFM sublattices [1]. The electronic states of such antifer-
romagnets are Kramers degenerate.

Currently, a great deal of attention is paid to systems
in which the AFM alignment of spins coexists with some
features, which are more characteristic for ferromagnets, in-
cluding the macroscopic time-reversal symmetry breaking
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and splitting of AFM bands. Such systems are now called
“altermagnets,” to emphasize the distinct character of these
materials and their principal difference from the conventional
ferromagnets and antiferromagnets [2—4].

On the other hand, the AFM materials with broken time-
reversal symmetry have been known for decades. In particular,
in the 1950s, using phenomenological symmetry arguments,
Dzyaloshinskii pointed out that there are special types of
antiferromagnets, which can host the phenomena of weak fer-
romagnetism [5], piezomagnetism [6], and magnetoelectricity
[7]. Contrary to regular antiferromagnetism, the magnetic unit
cell of these materials coincides with the chemical one, be-
ing the necessary precondition for macroscopic time-reversal
symmetry breaking [1]. A very detailed phenomenological
classification has been given by Turov, who suggested divid-
ing unconventional antiferromagnets into two major classes,
calling them “centrosymmetric” and “centroantisymmetric,”
depending on whether the spatial inversion Z enters the
magnetic group alone or in combination with 7 [8]. The cen-
trosymmetric antiferromagnetism in Turov’s classification,
encompassing such phenomena as weak ferromagnetism and
piezomagnetism, has a clear resemblance to what is now
called altermagnetism, where the AFM alignment of spins
can induce a spontaneous magnetization and other ferromag-
netic properties. The centroantisymmetric antiferromagnetism
provides a general framework for understanding magneto-
electricity, which excludes any ferromagnetic behavior in the
ground state unless an external magnetic or electric field
is applied. Besides weak ferromagnetism, piezomagnetism,
and magnetoelectricity, Turov considers a wide spectrum of
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phenomena expected in the unconventional antiferromagnets.
Particularly, in 1962, Turov and Shavrov predicted the anoma-
lous Hall effect (AHE) in centrosymmetric antiferromagnets.
Moreover, they explicitly stated that AHE is not a side effect
of the weak ferromagnetism. Rather, it can be related directly
to the AFM order parameter [8,9]. The Landau theory of al-
termagnetism, which was recently formulated in Ref. [10] and
applied to rutile and hexagonal (MnTe) materials, success-
fully reproduces the behavior of net magnetization and AHE
predicted in Ref. [8]. Similar symmetry-based arguments can
be found in a recent review article [11]. Turov also pointed
out that since magnetoelectricity and weak ferromagnetism
belong to two different classes, they are mutually exclusive
and do not coexist unless they develop in different magnetic
sublattices [12]. The typical example of such coexistence is
GdFeO3, where the Gd sublattice is magnetoelectric, while
the Fe sublattice is weakly ferromagnetic [13,14].

Although many properties of centrosymmetric antiferro-
magnets were anticipated at the phenomenological level,
recent breakthroughs in this field are related to microscopic
understanding of these properties, which became largely
possible due to the development of first-principles elec-
tronic structure calculations. The main attention is paid to
the search for new materials with large spin splitting of
AFM bands [15-24], which is regarded as a hallmark of
altermagnetism [2—4,25].

Such splitting is a consequence of the rotational symmetry
of crystals with several atoms in the unit cell. For nonsym-
morphic symmetries, the atomic positions are generated by
two- or fourfold rotations C, which are combined with lattice
shift t connecting different sublattices: {C|t}. The symmorphic
analogs, containing fourfold rotations alone, are also possible,
but less common [2,25]. Then, the AFM order is obtained by
combining some of the symmetry operations {C|t} with T, so
that the magnetic unit cell remains the same as the chemical
one, being in line with Dzyaloshinskii’s conjecture [1]. The
new aspect of the problem, which was overlooked in the
earlier stages, is that the {7C|t} symmetry gives rise to spin
splitting of bands in reciprocal space [2,3,25,26]. Today, this
splitting is believed to be the sole signature of ferromagnetism
in otherwise AFM materials, which is responsible for AHE
and other ferromagnetic phenomena.

However, there is another important symmetry, Z, which
was highlighted in Turov’s definition of “centrosymmetric
antiferromagnetism,” but somewhat overshadowed by other
symmetry properties in the modern developments of alter-
magnetism. Then, which symmetry is more important, for
instance, for the emergence of AHE in AFM substances:
{TC|t} or Z?

In our recent work, dealing with the minimal one-orbital
model, where the spin-orbit (SO) interaction replicates the
form of Dzyaloshinskii-Moriya (DM) interactions in the
noncentrosymmetric bonds [5,27], we have argued that the
altermagnetic splitting of bands does not play a key role in
AHE and orbital magnetism [28]. Namely, 7 can be broken
even when the AFM bands are spin-degenerate. Similar be-
havior has been found in a more sophisticated multiorbital
model for AFM «k-type organic conductors and orthorhom-
bically distorted perovskites [19,21]. Furthermore, we have
argued that the fundamental symmetry of such an AFM state

is {S|t}, which combines the 180° rotation of spins S = ig,
(6, being the Pauli matrix) with the lattice shift t, connecting
antiferromagnetically coupled sublattices. This means that the
eigenvectors for the spin states 1 and |, differ only by a phase
factor, which guarantees that (i) the spin bands are degenerate
and (ii) the contributions of these bands to the anomalous Hall
conductivity are equal to each other and, instead of the partial
cancellation, which would occur in regular ferromagnets, we
have an addition of such contributions [28]. The situation
is fundamentally different from the Z7 symmetry realized
in magnetoelectric materials [7,8,12], where the bands are
also degenerate, but the contributions of these bands to AHE
cancel each other [29].

The time-reversal operation is the combination of S and
the complex conjugation K: 7 = SK. Therefore, if the mi-
croscopic Hamiltonian is complex, the symmetry operation
{S]|t} is not the same as {7|t}, which is expected for regular
antiferromagnets. That is why the spin degeneracy can exist
even when the time-reversal symmetry is broken. The spin
degeneracy in this case is not the Kramers degeneracy, be-
cause the latter implies that the system is 7 -invariant, which
is obviously not the case here.

In this work, we will explicitly show that the {S|t} symme-
try is directly related to the fact that Z is conserved in the
centrosymmetric antiferromagnets, which imposes a severe
constraint on the form of the SO interaction in magnetic
bonds. It is true that Z transforms each sublattice to itself
and does not interconnect the sites belonging to different
sublattices [30]. However, Z will unambiguously specify the
properties of magnetic bonds; namely, knowing the bond
properties around one magnetic site, one can find the prop-
erties around a neighboring site, belonging to a different
sublattice. In particular, we will explicitly show that the SO in-
teraction on the centrosymmetric antipolar lattice transforms
as an AFM object and changes sign upon exchanging the
two magnetic sublattices. That is why it collaborates with
the AFM Néel field and leads to the {S|t} symmetry of the
microscopic Hamiltonian.

There is another important aspect of the {S|t} symmetry:
the spin rotation S is combined with the shift t, which can
be viewed as the lattice translation of a more compact unit
cell with only one magnetic site. This constitutes the basis
of the so-called generalized Bloch theorem [31], which states
that by a unitary transformation to the local coordinate frame,
where all the spins are pointed in the positive direction of z,
the AFM system can be described within this compact unit
cell as if it were a “ferromagnetic” one. Thus the generalized
Bloch theorem provides a mapping of the AFM system onto
an FM one, which naturally explains the breaking of the time-
reversal symmetry and the emergence of effects associated
with it, which are originally known for ferromagnets, but can
be realized in some AFM systems.

The rest of the article is organized as follows. In Sec. II,
we will consider the basic symmetry properties of SO inter-
action imposed by Z in combination with lattice translations.
Then, in Sec. III, we will show that the behavior of the SO
interactions is related to even more fundamental properties of
the magnetoelectric coupling in antipolar lattices. Particularly,
in order to preserve Z, the distortion must be antipolar, which
inevitably leads to the doubling of the unit cell and the sign
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change of the SO interaction when it is considered around two
sublattices. Then, in Sec. IV, we will apply the generalized
Bloch theorem and show that, for some components of the
SO interaction, the sign change can be compensated by the
transformation to the local coordinate frame, so that the AFM
system can be formally described as an FM one, with a smaller
unit cell containing only one magnetic site. In Sec. V, we will
introduce the minimal model for the centrosymmetric antifer-
romagnets with broken 7 and derive transparent expressions
for the anomalous Hall conductivity and orbital magnetization
in the local coordinate frame. Applications for the square
lattice, monoclinic VF,4 and CuF,, as well as RuO,-type mate-
rials with tetragonal symmetry will be considered in Sec. VI.
In Sec. VII, we will explain how different contributions
to AHE, associated with spin-degenerate and nondegenerate
bands, can be evaluated in realistic electronic structure cal-
culations. Finally, in Sec. VIII, we will summarize our work.
Two Appendixes deal with the unitary transformation of the
SO interaction and elimination of the same-sign components
responsible for the weak spin ferromagnetism, and construc-
tion of the model Hamiltonian for VF,4 and CuF, on the basis
of first-principles electronic structure calculations.

II. BASIC CONSIDERATIONS

Let Ty, T», and T; be the primitive translations of a crys-
tal, consisting of two sublattices, which can be transformed
to each other by a rotation, combined with the shift of the
origin by t = %(Tl + T, 4+ T3). Therefore, if one sublattice
is centered at the origin 0 = (0, 0, 0), another sublattice will
be centered at t, and if 0 is an inversion center, t is another
inversion center [30]. Nevertheless, the midpoint between 0
and t is not the inversion center, so that there are finite DM
interactions operating between different sublattices [5,27].

The atomic positions in both sublattices can be generated
by the vectors t; = %(—Tl +T,+T3), t, = %(Tl —T,+
T3), and t; = %(Tl + T, — T3). However, t;, t,, and t;3 do
not necessarily transform the DM interactions into themselves
and, in this sense, are not the primitive translations. In any
case, the atomic positions are fully specified by the vectors
R = It; + mty 4+ nt3. If [ + m + n is even, the atom belongs
to sublattice 1. If it is odd, the atom belongs to sublattice 2.
Thus the DM interactions, Dy g/, operating between different
sublattices, are finite if R" — R is an odd superposition of ti,
t2, and t3.

The DM interactions are induced by the SO coupling. In
the simplest one-orbital model, the SO interactions are given
by 7:[;0 g = ilrr - 6, where 6 is the vector of Pauli matrices
and Dg g ~ tg g [32,33]. Therefore £g g and Dy g obey the
same symmetry rules.

The combination of translational invariance and Z imposes
a severe constraint on the form of A;‘f x- L requires that for
each bond R’ — R, there should be the bond R” — R in the
opposite direction, as explained in Fig. 1, where 1-2” is the
bond opposite to 1-2 and 1-2” is the bond opposite to 1-2’.
Then, Z does not change the axial vector g g’ and, therefore,
tg g = tg g’. Furthermore, each atomic site is surrounded by
the atoms of another sublattice. The atoms in one sublattice
are translated to each other by T;, T, and T3, which also

-

FIG. 1. Parameters of SO interaction around the atoms of two
sublattices in the centrosymmetric structure obeying the {C,, |t} sym-
metry (a, top) and {C, |t} symmetry (b, bottom). The atoms of
sublattices 1 and 2 are shown by filled and open circles, respectively.
The bond directions, which are defined starting from the central site
in the direction of neighboring sites, are shown by broken arrows.
The vectors fg g, attached to these bonds, are shown by the bold
green arrows. According to this definition, the bonds around sites 1
and 2 have opposite directions, which also flip the directions of the
vectors fg g attached to these bonds, as shown in the left and right
parts of the figure. The unit cell is shown by the solid red line.

translate the vectors fg p around these atoms as shown in

Fig. 1. Then, since 7:1;’ 18 the Hermitian matrix, ¢z g should
satisfy the property tg g = —tg g'. Therefore, if we take R as a
central site and define the directions of the bond starting from
this R and going to the neighboring site R’, the parameters
tg g around the site R’ belonging to another sublattice will
differ from those around R by the sign, as is clearly seen
in Fig. 1. Thus, for an arbitrary R” = 1"t; + m"t; +n't3, T
imposes the following constraint:

e
trir gk = (DT g g (D

The remaining uncertainty is how the parameters fg g be-
have in the bonds which are not connected by Z, such as the
bonds 1-2 and 1-2" in Fig. 1. This depends on other symme-
tries. For instance, in the two-dimensional case, the sublattices
can be connected by combining the twofold rotations about
either x or y with t: {Cy(|t} and {Cy,|t}, respectively. The
symmetry operation {Cy|t} ({Csy|t}) will not only change
the signs of the y (x) and z components of £z g/, but also
interchange the sublattices. Therefore, around each site, the
x (y) component of ¢ g Will be sign-alternating, while the
other two components will have the same sign in all the bonds.
The corresponding patterns of ¢g g are shown in Figs. 1(a)
and 1(b). The sign-alternating component is responsible for
AHE and orbital magnetism [19,28], while the same-sign
components give rise to the weak spin ferromagnetism [5,32].
Thus it is clear that weak spin ferromagnetism and AHE
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have different microscopic origins, and the latter cannot be
described in terms of net spin magnetization [18,29,34].

III. ANTTPOLAR DISTORTIONS
AND WEAK FERROMAGNETISM

In this section, we will elucidate an even more fundamental
reason why the DM interactions for the weak ferromagnets
have a specific pattern shown in Fig. 1, which preserves the
inversion symmetry but doubles the unit cell, resulting in two
sublattices. We believe that the most fundamental quantity to
consider is magnetoelectric coupling ’ﬁR, r’» relating the cross
product of spins in the bond to the electric polarization in
the same bond, I3R,R/ = 73R,R’ - [eg x eg’], where eg is the unit
vector in the direction of spin at the site R [35-37].

73R,R/ =[ RR/] is the 3 x 3 tensor. According to our
conventions [37], the bold character refers to the spin com-
ponents (c), which couple to the cross product, while the
vector symbol refers to the x, y, and z components (v) of
electric polarization. Thus, under spatial inversion, the v
components will transform according to the normal vector
rules, while the ¢ components will transform according to the
pseudovector rule.

73R!R/ can be finite in centrosymmetric bonds. Indeed,
the spatial inversion about the center of the bond yields
the following property: I’f?R’Rr = —731“; = 7_5R,R’7 which
means that ’IBR_R/ does not necessarily vanish. This is the
reason why the electric polarization P in insulators can be
induced by a noncollinear alignment of spins in otherwise
centrosymmetric crystals [35,36]. Alternatively, the electric
field ER,Rr, acting in the bond, will interact with ’ﬁR,R/ and
causes the spins eg and ep to become noncollinear. The cor-
responding interaction energy is given by Dg g - [egr X eg'],
where Dy g = —ER,R/ . 7312,12' is the DM interaction induced
by the electric field.

For insulators, 73,“( can be evaluated in terms of the
superexchange theory, similar to the DM coupling. Indeed,
the latter is givein by Dgrp = 2’”%, while the former is
73R,R/ = —%M, where —e is the electron charge, V is
the unit cell volume, U is the on-site Coulomb repulsion,
frr =1r. r1+ itg g - 0 is the transfer integral expanded in
terms of the 2 x 2 umty matrix 1 and the vector of Pauli
matrices, and 7, rR R =TRR A+ er g - 0 is a similar expansion
for the position operator [36].

’ﬁR,Rr obeys certain symmetry properties. To be specific,
let us consider the ideal square lattice, which can be trans-
formed to itself by the fourfold rotations around z (C4;) and the
spatial inversion about the lattice sites. The primitive transla-
tions are t; and t;, so that each lattice point is specified by
R = mt, + nt,. Furthermore, each bond obeys the twofold
rotational symmetry about itself. Then, for the single bond
along x, say 1-2 in Fig. 2, this tensor will have the following
form [37]:

. PX,X O O
Pia= 0 Pyy Pz
0 P Pt

FIG. 2. The form of magnetoelectric tensors 13R,R’ in the bonds
around two neighboring sites in the ideal square lattice. The direc-
tions of the bonds are indicated by arrows.

The bond 1-2 can be transformed to the bond 1-2” by Z,
which changes the sign of the whole magnetoelectric tensor,
’P1 = —’P1 2. Alternatively, 1-2 can be transformed to 1-2”
by the twofold rotation about z, which changes the sign of
only off-diagonal elements. The combination of these sym-
metry properties imposes a constraint on the form of ’IBR, R
which is summarized in Fig. 2: for each bond, the tensor
’I_'?R,R/ is specified by only two elements, P>* and P*>. The
Katsura-Nagaosa-Balatsky rule [35], which can be justified
for high symmetries of the bond [37], additionally requires
Py = —P»* [35,36]. However, for lower symmetries this
rule does not apply [37], so that generally P>? and P** are
two independent parameters. Nevertheless, such details are
not important for our consideration.

The magnetoelectrlc tensor is periodic and, therefore,
Prir' r+r = Prp for any R” (for instance, site 1 in Fig. 2
can be moved to site 2, etc.).

Next, let us consider possible patterns of electric fields
caused by internal atomic displacements. For simplicity, we
assume that all fields are parallel to z, but can have different
directions in different bonds. For instance, such fields can
be due to the buckling of the TM-L-TM bonds, where the
intermediate ligand (L) sites are displaced parallel to z relative
to the transition-metal (TM) sites. Then, there are three main
patterns, which are explained in Fig. 3.

(a) Polar pattern, where all ER, g are in the positive direc-
tion of z. Since E is the normal vector, the inversional
invariance would require ER,R’ = —ER’R/r for each R’
and R” located on the opposite sides of the inver-
sion center R. Therefore the polar pattern breaks
T. Nevertheless, the displacements are periodic and
EqR+R//,Rr+R~ = ER,Rr, so as the DM interactions in-
duced by them, which have a characteristic whirling
pattern. The DM interactions in this case are respon-
sible for the formation of incommensurate spin-spiral
textures or skyrmion lattices [38—40]. Such a situation
is realized in magnetic ferroelectrics such as PbVO;
[41], BiFeOs; [42], GaV4Sg [43,44], etc.

(b) Antipolar pattern, which preserves the translational
invariance (all fields are transformed to themselves
by the primitive translations t; and t;), but breaks Z.
The main symmetry operation in this case is fourfold
rotoinversion. Such a situation is realized (though with
the additional complications) in Ba,CoGe, O [45-48]
and Ba,CuGe,0; [49-51]. An interesting aspect of
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(=d,0,0)

(0,d,0)

(d,0,0)

FIG. 3. Main patterns of internal electric fields (left) and corre-
sponding Dzyaloshinskii-Moriya interactions (right) on the square
lattice: (a) polar, (b) antipolar noncentrosymmetric, and (c) antipolar
centrosymmetric. The doubled unit cell in the latter case is shown by
a broken line. xy is the coordinate frame of the regular square lattice.
x'y" is the coordinate frame, which is typically used for the doubled
unit cell, such as in Fig. 1.

this symmetry is the possibility of realization of an-
tiskyrmion textures [52].

(c) Antipolar zigzag pattern, satisfying the property
Epir' gir' = (—1)""" Eg g and doubling the unit
cell as explained in Fig. 3(c). Nevertheless, these
displacements respect the inversion symmetry, as do
the vectors of DM interactions. As far as the DM
interactions are concerned, the magnetic texture is
commensurate and characterized by a canting of
spins. The typical example is the weak ferromag-
netism [5], realized in La,CuO,; and other mate-
rials with an orthorhombically distorted perovskite
lattice [13,53].

J

To summarize this section, in the weak FM mode, DM
interactions respect the inversion symmetry. This means that
the lattice is inevitably antipolar, which results in the dou-
bling of the unit cell. For two other modes, DM interactions
are translationally invariant, but the inversion symmetry is
broken. Similar behavior is expected for parameters of SO
interactions in the one-orbital model. In insulators, polar and
antipolar displacements lead to the realization of, respectively,
ferroelectric and antiferroelectric states (so that weak ferro-
magnetism is a consequence of antiferroelectricity). In metals,
the dipoles induced by atomic displacements are screened by
conduction electrons. Nevertheless, the displacements them-
selves can persist, and there are many examples of polar and
antipolar metallic materials.

IV. GENERALIZED BLOCH THEOREM

Suppose that two sublattices are ordered antiferromagneti-
cally. The corresponding AFM order can be described by the
propagation vector ¢ = Gy, where Gy = zv”sijk[T,» x T;] is
one of the reciprocal lattice translations (k = 1, 2, or 3) and
&jk is the antisymmetric Levi-Civita symbol, so thatg - R = 0
and m (mod 27r) for sublattices 1 and 2, respectively.

Then, let us assume that the spins lie in the xy plane,
forming the angle o with the axis x. The corresponding Néel
field is given by +B(cos ab, + sinady), where the signs +
and — stand for sublattices 1 and 2, respectively.

Consider the symmetry operations {Ug|R}, combining the
lattice shift R with the SU(2) rotation of spins

0 1 /1 =1\ [ 0 o
R — \/5 1 1 0 eii(“;ﬂt) ’

such that, after the transformation, the magnetic field at both
sites is pointed along z, and the corresponding term in the
Hamiltonian is given by Bé6, at both magnetic sublattices.
Thus, from the viewpoint of the magnetic field in the local
coordinate frame, the system behaves as a ferromagnet. The
result is well known in the theory of spin-spiral magnetism
[31,54]. Our next goal is to find whether the same applies
to the transfer integrals /g g = tRYR/]Al +itg g - 6, where the
first and second terms are, respectively, even and odd in the
SO coupling. To the lowest order, fg g is the regular transfer
integral without the SO coupling, while £ ' is induced by the
SO coupling (or simply the SO coupling). Therefore we have
to find how ¢ and 1 are transformed by Ug and Ug. These
transformations are given by

Up6:Ug = —cos (@ + a>6z ~ sin (‘M + a)ay, 3)
Up6, Uy = —sin <%+Rﬂ) + 0‘)@ + cos (%—m + ot) Gy, 4
URéz AII, = isin g 2-7) (R2— R/)]Al + cos g 72— R~ R/)éx, (®)]
and
0Rﬁ ART, = cos g7 R~ R/)]Al + isin g7 R~ R/)éx. 6)
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Considering the transfer integrals and the SO interaction

between different sublattices, we have L2222 (RiR) (mod )
and, therefore,
A o -(R+R
Ur6:Up = —sin %(cos aby, — sinwd,), 7
o N -(R+R
0x6,0}, = —sin ‘%(Sin ady +cosad,),  (8)
A oanr .. q- (R—R),
URO'ZUR, = isin T]l, ©)]
and
.o . g R-R),
UplUp = isin TUX. (10)
Thus we have the following property: U, +R,,fl AI; R
UR]lUR, for any R". The same holds for Up6.U R,. On the
other hand, for ¢« = x and y, we have UR +R,,6HUI; R

(— 1)+ URUGUR,, which is the same as the property of
the SO interaction parameters g g’ given by Eq. (1).
Combining these transformations of 1 and 6 with g g and

— (X y
trr = (gp lpplx. r g )» 1L s straightforward to see that

N A A _ N A
IR+r" R+R" Up o1 R+R~ =tgr UglUy, (11)
15 o s 600 =18 Un6,07 (12)
R+R" R +R’ R+R’ X~R'+R" R.R' ¥R R
y g ¥ Y rra0f
IRAR R AR’ UR+R”UVUR ok = g UrSyUp» (13)
and
b4 g S aal U"+m"+n" z T
por R+r Upar O Up g = (1) U UZU .
(14)

Thus, in the local coordinate frame, not only regular trans-
fer integrals, but also two components of the SO interaction
appear to be periodic on the lattice specified by the trans-
lations t;, t,, and t3, and transform sublattices 1 and 2 into
each other. The third (z) component of the SO interactions
is not periodic on this compact lattice and would generally
require the use of the two-sublattice unit cell specified by
T, T,, and T3;. However, for the weak ferromagnets, at
least one component of the SO interaction should have the
same sign in all the bonds around each magnetic site and,
therefore, can be eliminated via a unitary transformation on
one of the sublattices [28,32,55]. By properly specifying the
quantization axis, this component can always be chosen as z.
The elimination procedure, which is valid to first order in the
SO coupling, is explained in Appendix A. In some systems,
like RuO, and La,CuQy, having, respectively, P4, /mnm and
Bmab symmetry, the z component of the SO coupling is equal
to zero and, therefore, no elimination is required. At the same
time, the y component of the SO coupling in La,CuQy4, which
is responsible for the weak ferromagnetism along z, should
be eliminated. On the other hand, the sign-alternating com-
ponents of the SO coupling do not contribute to the weak
ferromagnetism and cannot be eliminated simultaneously in
all the bonds [28].

For the transfer integrals operating within the sublattices,
the transformation to the local coordinate frame is given by

o \R-R),
A0 = cos ‘%1, (15)

which is the same for sublattices 1 and 2. Therefore these
sublattices can be transformed to each other by the translations
t1, to, and t3 if the transfer integrals #¢ g’ operating in sublattice
1 are the same as in sublattice 2. In this case, there will be no
altermagnetic band splitting, originating from the difference
of tg g in sublattices 1 and 2 [28,56]. However, this splitting
does not seem to play a key role in AHE, which emerges
already in the spin-degenerate bands [19,28]. Therefore, as the
first approximation, the change of the transfer integrals related
to the altermagnetic band splitting can be neglected (an alter-
native scheme, which can be used in first-principles electronic
structure calculations, will be considered in Sec. VII).

To summarize this section, the minimal model for AHE in
centrosymmetric antiferromagnets can be formulated in the
local coordinate frame, combining the translations t;, t,, and
t; with the SU(2) rotations of spins. In centrosymmetric anti-
ferromagnets, the transformation to the local coordinate frame
compensates the effect of antipolar displacements, which re-
sulted in the doubling of the unit cell (see Sec. III). The
electronic Hamiltonian in this local coordinate frame becomes
periodic on the lattice specified by t;, t,, and t;. Thus the AFM
system with the SO coupling can be effectively described as
an FM one with only one magnetic site in the cell.

V. MINIMAL MODEL

AHE in centrosymmetric antiferromagnets was predicted
several decades ago on phenomenological grounds [8,9]. In
1997, the magneto-optical effect (the ac analog of AHE) in
weak ferromagnets was studied quantitatively on the basis of
first-principles electronic structure calculations [34]. In par-
ticular, it was argued that the effect is strong and comparable
with the one in the regular FM state (though the net spin
magnetization in the weak and regular FM states differed by
two orders of magnitude). This behavior was attributed to the
form of orbital magnetization, which substantially deviates
from the spin one. The imaginary antisymmetric part of op-
tical conductivity, Im[o?(w)], which was actually considered
in Ref. [34], is related to the real part, Re[o”(w)], by the
Kramers-Kronig transformation, meaning that if Im[o* ()]
is finite, Re[oc*(w)] is also finite. Thus the conclusions of
Ref. [34] have direct implications for the behavior of AHE
in the metallic regime. In this section, we introduce the mini-
mal model, describing AHE and orbital magnetization on the
microscopic level.

A. Hamiltonian
1. Global coordinate frame

Main parameters of the model Hamiltonian are summa-
rized in Fig. 4 for the square lattice [28,56].They include
hoppings between first (#1), second (#), and third (#3) nearest
neighbors. 8, describes the orthorhombic distortion, which
makes the directions x and y inequivalent. §¢3 is responsible
for the altermagnetic splitting of bands. ¢, and 83 operate
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FIG. 4. Main parameters of the model Hamiltonian for the square
lattice: (a) hoppings between first nearest neighbors; (b) hoppings
between second and third nearest neighbors; and (c) vectors of spin-
orbit interaction (shown by bold arrows) around magnetic sites 1 and
2 after eliminating weakly ferromagnetic components. The directions
of the bonds are shown by dashed arrows.

within the sublattices. Nevertheless, 8¢, has the same form
in sublattices 1 and 2, while 6#; alternates as explained in
Fig. 4(b). It is assumed that the SO interaction has only one
sign-alternating component x. Two other components have the
same sign in all the bonds and can be eliminated as explained
in Appendix A. The Néel field is also parallel to x. Then, the
SO interaction and Néel field can be realigned along z, which
corresponds to the global rotation of spins. The corresponding
4 x 4 spin-diagonal Hamiltonian is given by [28]

Hy = A — Shit, + Iyt — B,6, + h%,6., (16)

where T = (1, £,, T;) is a pseudospin describing the inter-
action between two AFM sublattices [56], and A, Shi, and
hy® are the Fourier images of corresponding parameters in
real space [28,57]. The corresponding eigenvalues are given
by &7, =y + v /(@B + 8I)? + ()2 + ()2, where v =
4 and 0 = =+ are band and spin indices, respectively.

Hamiltonian (16) constitutes the minimal model for al-
termagnets, which, with some variations, is widely used as
the toy model for materials with different crystallographic
symmetries [17-19,28,56]. Nevertheless, below we will show
that, as far as the AHE is concerned, there is an even more
compact model describing this phenomenon in centrosymmet-
ric antiferromagnets.

It is instructive to consider how ’;‘—l,% breaks time-reversal
symmetry. The transformation rules for the different terms
of Hamiltonian (16) under the symmetry operations K, 7,
S, {T]t}, and {S|t}, where t = (%, %) is the shift connecting
two magnetic sublattices, are summarized in Table I. There is
no symmetry, which would transform all four terms to them-
selves. Thus all symmetries are broken: not only 7, but also
its components K and S, both alone and in the combination
with t. For instance, the Néel field breaks 7 and S, the SO
interaction breaks K, S and {7|t}, while the altermagnetic
splitting breaks {7 |t} and {S|t}. Nevertheless, there are two
interesting possibilities, where only one of the symmetries,
either K or {S|t}, is broken, while another one is not. This
means that the {7|t} symmetry is automatically broken, but

TABLE I. Transformation of different terms of Hamiltonian (16)
by the symmetry operations K, S, T, {S|t}, and {7 |t}. The terms %,
., 1,6,, and £,6. stand for, respectively, nearest-neighbor hoppings,
altermagnetic band splitting, spin-orbit interaction, and Néel field.

Operation o z, 2,6, %6,
K Ty 7, —1,6; 7.6,
S Ty 7, —1,6; —1,6,
T z Az i:y 65 - i Az
{Slt} fx _fz fyéz %267
{Tlt} fx _%z _fy&z Aza—z

the system still obeys certain symmetry properties governed
by either K or {S|t}.

(1) The first scenario is widely discussed in the con-
text of altermagnetism, which typically starts with the
analysis of spin splitting of bands without relativistic
SO interaction [2,3,25]. Then, the altermagnetic term
breaks {S|t}, so that the {7 |t} symmetry appears to be
broken even without SO interaction. Nevertheless, the
Hamiltonian is real (K invariant). Therefore AHE and net
orbital magnetization will vanish. Besides a regular AFM
order parameter, such a state can be described in terms of
ferroically ordered spin magnetic octupoles [10,58—60].

(2) The second scenario is realized when the SO coupling
is finite, but the altermagnetic splitting term identically
vanishes. Then, the SO interaction, which is complex,
breaks K. Therefore the {7 |t} symmetry will be also
broken. Nevertheless, the Hamiltonian remains invariant
under {S|t}. Since K is broken, the system will exhibit
AHE and net orbital magnetization, manifesting ferro-
type orbital magnetic dipolar order.

In this work, we explore the second possibility, which
is related to AHE. In a narrow sense, the condition th =
0 in Eq. (16) defines altermagnetic nodal surfaces of spin-
degenerate bands without SO coupling [18,56,61]. The AHE
is induced by the sign-alternating component of the SO cou-
pling, which should be parallel to the Néel field, as in Eq. (16)
[19,28]. However, in this configuration, the SO interaction
does not lift the spin degeneracy [56]. Thus altermagnetic
nodal surfaces are not essential for the AHE in centrosym-
metric antiferromagnets. Moreover, there are many situations
when 813 itself is small or equal to zero, either accidentally
or by symmetry. This leads to the massive spin degeneracy of
bands throughout the Brillouin zone even in the presence of
relativistic SO coupling [19,28].

2. Local coordinate frame

Using the generalized Bloch theorem, the minimal model
for AHE in the reciprocal space can be formulated in the local
coordinate frame via the Fourier transform, which combines
the Bloch factor, ¢ R associated with the translation R, with
additional prefactors arising from the SU(2) rotation of spins,
ﬁR, with the propagation vector ¢ = Gy [31,54]. Suppose
that one component of the SO coupling is sign-alternating,
while two other components have the same sign and can be
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eliminated, as explained in Appendix A. As it will become
clear below, this is a rather general situation, relevant to the
behavior of many weak ferromagnets. The situation where
there are two sign-alternating components and only one com-
ponent with the same sign (or equal to zero) is also possible.
It will be considered in Sec. VIC.

The 2 x 2 Hamiltonian describing a two-component weak
ferromagnet is given by

Hy = B A + hié, — b6, + BG,, (17)

where h}c and h; are the Fourier images of the nearest-neighbor
hoppings and sign-alternating part of the SO coupling, respec-
tively, and &, is the Fourier image of transfer integrals within
the sublattice, assuming that these transfer integrals have the
same form in both AFM sublattices and the altermagnetic
part, responsible for the spin splitting, can be neglected. These
Fourier images can be obtained using Eqgs. (10), (8), and (15),
respectively. The Néel field is taken in the direction of the
sign-alternating part of the SO coupling. The directions x and
y correspond, respectively, to « = 0 and /2 in Egs. (7) and
(8). In both cases, the SO interaction is described by the matrix
6y in the local coordinate frame, as reflected in Eq. (17).
According to Eq. (10), the nearest-neighbor hoppings are de-
scribed by the matrix &,. Finally, the magnetic field in the
local coordinate frame is aligned along z at both magnetic
sites.

After replacing the Pauli matrices o by pseudospin matri-
ces T, Hy is totally equivalent to the Hamiltonian (16) in the
global coordinate frame for the ¢ = — states and §t3 = 0. As
will be argued in Sec. VIA, the parameters £, h,i, and h,vc
of these two Hamiltonians also coincide. Obviously, it will
yield the same anomalous Hall conductivity and net orbital
magnetization.

The Hamiltonian has two eigenvalues:

=B () () =hF AL (8)

for the majority (s,j) and minority (g,’) spin states in the local
coordinate frame. Seeking the corresponding eigenvectors in

the form
) = (Cossii"; m) = i) (19)
and
—sin 6
) = (cos eri¢k>’ (20)
it is straightforward to find that
—Apcos20, =B 21
and
—Ay sin 20, = hy + il (22)
where
2 N2
O = % arctan M (23)

(0 <6 <m)and
n
¢r = arctan (h—’]‘> (24)
k

(0 < ¢ < 2m).

B. Anomalous Hall conductivity

Using the above expressions and considering the situation
when B is sufficiently large, so that the majority-spin band is
partly occupied, while the minority-spin band is empty, it is
straightforward to obtain that the Berry curvature, Q¢(k) =
—2Im (0, ux | Ok, ux) [62], becomes

Q;c = sin 29k (8ka9kak;,¢k — 8ka¢k 8k;,9k)a (25)

where

() + ()

sin26y = -+ ——— ", (26)
Ay
1 (hloy hl + 1o 1)B
0,66 = 5 okt (27)
Ay ()" + ()
hidp b, — b3y hi
O, = k% Tk kR Tk (28)

()" + (1)’

and abc is an even permutation of xyz.
Then, after some algebra, 2; can be further rearranged as

B )
Q% = o (O Do Py, — 0, g, ) 29)
243

The anomalous Hall conductivity is given by the Brillouin
zone (BZ) integral [62]

1 dk fas
Oab = —= — kS,
V ez Qw2 K
where Qpz = % is the BZ volume and f; is the Fermi-

Dirac distribution function for 8;’. In the large B limit, ) ~
ﬁ [28]. Therefore the Taylor expansion of o, in terms of B
is not meaningful and only the expansion in the directions of
the Néel field is generally well defined [63]. However, it does
not contradict phenomenological theories [5-10,12], where
the absolute value of the AFM order parameter (and other
quantities) is generally unknown, and these theories establish
only the directional dependence.

The magneto-optical effect (the ac analog of AHE) can be
also evaluated in the local coordinate frame by considering the
optical transitions between the u,  and u,:r states.

C. Orbital magnetization

The orbital magnetization along c¢ is given by the BZ
integral of

My = Im (S, ux|Hye + & — 2er |9, u) (30)
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with the Fermi-Dirac distribution function [64,65]. Using the
explicit form of Hy, 8;_ , and |uy), Mj can be rearranged as
the sum of four contributions [28]:

. 1.
M;(J = —z sin 29k(2hk — Ak)(akaekakh¢k — 8ka¢k8kh9k),
(€3]

X B X
My = <€F - E)Qi’ (32)

M 11 = Iy, cos® O cos ¢ (3, O, Pk — Ok, Prdi,bk), (33)
and

M 1y = I cos® O sin ¢ (3, Ok, bk — O, Prdi, bk ). (34)

Then, using Eq. (25), all these terms can be related to €2;

as
S .
My = =35 Ch - A0, (35)
Iy, cos ¢y cos” O
¢ =% - Q¢ 36
M Sin 20 o (36)
and
I sin ¢y cos? 6
c k c
= ——Q;. 37
My Sin 20 X 37
Noting that
cos? O B — A

sin 26, :% 2 2 (38)
g ()" + ()

and hy cos ¢y + h, sin ¢y = (h,i)2 + (h'};)z, it is straightfor-
ward to find that Mj 1y + My = %(B — Ap)L;. Summing
up all four terms, one can get the final expression:

M = (ep — ). (39)

Thus the orbital magnetization is

‘ dk .
M =/ — filer — h)S%.
B

7 2Bz

VI. EXAMPLES

A. Square perovskite lattice

As the first example, let us consider the single layer of or-
thorhombically distorted perovskites with the Pbnm or Bmab
symmetry [28]. The lattice is specified by the primitive trans-
lations T = (1,0,0) and T, = (0, 1, 0), and there are two
sublattices, which are connected by the vectors t; = (%, %) =
t and t, = (—%, %). The symmetry operation transforming
the two sublattices into each other is {Cy,|t}, meaning that x
components of the SO coupling are sign-alternating. For the
space group Bmab, the lattice is additionally invariant under
the mirror reflection y — —y.

The minimal model was introduced in Sec. VA1 and
explained in Fig. 4. We would like to emphasize again that
the SO interaction obeys the following property, being the
consequence of the inversional invariance: 7:[;"+R,,’R, R =
(=1)ym'+n" ﬁ;gR/. In the global frame, the SO interaction is
not periodic on the lattice, specified by t; and t,. However,
it can be made periodic in the local frame as explained in

Q;, x10°°
ko0 ™ =
@ B e
/ \ s e T 00=0.050 z-
s £
< 5o
Y| /',V\. { 0.00 (Fen S
~ 2oL —— =005
\ / 005 — E ........... 850025
74 ° ey
7 B o 0.0 0.5 1.0
r . number of electrons
M;, < x107 <103
0.20 - 9
g
wE
’ \ 0.10 - =
®
M so ca
Y v 000 X &
i 2
. e 1S
% -0.10 i &2
N ’ g
/’/ ~0.20 = L <~
-0l 00 0.1
&y (units of B)

FIG. 5. Results for the square lattice model with the parameters
(unless it is specified otherwise) t; = —1,1, = —t3 = 0.1, and 61, =
—t, = 0.05 (all are in units of B): (a) Berry curvature, 2}, in the first
Brillouin zone; (b) similar plot for orbital magnetization, M, cor-
responding to ne; = 0.5 electrons; band filling dependence of (c) the
anomalous Hall conductivity, oy, and (d) the orbital magnetization,
M?; (e) Fermi surface at n,; = 0.5 with (red) and without (blue) the
orthorhombic strain dt,; and (f) the orthorhombic strain dependence
of oy, and M= for ny = 0.9.

Secs. II-IV. We do not consider the altermagnetic deforma-
tion of the third-neighbor hoppings, which is identically equal
to zero for the Bmab symmetry of La,CuQO4 and expected to
be small for other materials [28]. For La, CuQy, this is the con-
sequence of the mirror reflection y — —y, which makes the
bonds with #; & §#3 in Fig. 4(b) equivalent. For the one-orbital
model, which is widely used in the theory of superconductiv-
ity [66,67], it leads to §¢3 = 0. In a more general multiorbital
model, §t3 can be finite, provided that it operates between
different orbitals belonging to odd and even representations
of the point group. Nevertheless, the band splitting, which is
driven by this §73, is small [2].

Thus one can readily find the Hamiltonian (17) in the
local coordinate frame, where &, h,'c, and hi are obtained by
combining the Fourier transforms with the matrix elements of
1 and &, given by Egs. (10) and (7), respectively. Moreover, it
is convenient to shift the k mesh: (k,, ky) — (k. + 7, k). Al-
together, this yields i, = 2t(cos k, + cos ky) + 28, (cos k, —
cosky) + 413 cos k, cosky, hy = 4ty cos %
—4t, sin % sin %, which coincide with the parameters reported
in Ref. [28] in the global coordinate frame [57].

Berry curvature can be written in the compact form, using
Eq. (29):

ky v _
cos 3, and I, =

Bt
Q= A;‘
k

(cos ky — cosky). 40)

The results are summarized in Fig. 5. In comparison with
calculations in the global coordinate frame [28], the gener-
alized Bloch theorem allows us to use a smaller unit cell.
Therefore the first Brillouin zone becomes larger, where 2
has two positive and two negative areas [Fig. 5(a)], which tend
to compensate each other. Therefore, in order to obtain finite
oyy and M?, it is essential to consider the orthorhombic strain,
oty [19,28]. Although the Berry curvature does not depend on
31, the latter deforms the Fermi surface, as shown in Fig. 5(e),
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so that the positive and negative areas of 2} will contribute to
oy, with different weights, resulting in finite o,,. According to
Eq. (39), in the case of M?, there is an additional modulation
of QF by h,, which makes inequivalent the positive and neg-
ative areas of M; [see Fig. 5(b)]. Nevertheless, the effect is
small if 8¢, is small.

Finally, AHE and orbital magnetization can be efficiently
controlled by the orthorhombic strain, where the transition
from tensile (§z, < 0) to compressive (8t, > 0) strain changes
the sign of o,, and M* [see Fig. 5(f)]. This effect has a clear
similarity with piezomagnetism [20,24,28]. For small 4¢,, the
contribution er$2; to the orbital magnetization dominates and
M~ oy

B. VF,4 and CuF,

As the next example, we consider the minimal model for
VF, and CuF,, which are regarded as altermagnetic can-
didates [25]. Both materials crystallize in the monoclinic
structure (the space group P2;/c, No. 14) with two for-
mula units in the primitive cell [68,69]. V** has one d
electron, while Cu?* has one d hole. According to the local-
density approximation (LDA), the electronic structure of VF,4
and CuF; near the Fermi level is characterized by a well-
isolated half-filled band. Therefore, in the first approximation,
the properties of these materials can be described by the
one-orbital model with the parameters derived from the first-
principles calculations. This is basically an extension of the
previous considerations to the case of lower crystallographic
symmetry. The details of electronic structure calculations and
construction of the model are described in Appendix B. The
main results are summarized in Table II.

The primitive translations are T; = (asin 8, 0, acos ),
T, = (0, b,0), and T5 = (0, 0, ¢), both for VF; and CuF,.
Two sublattices are transformed into each other by the sym-
metry operation {Cy,|t}. Therefore the x and z components
of the SO interaction between the nearest neighbors have
the same sign in all the bonds and can be eliminated (see
Appendix A). The y component is sign-alternating. The Néel
field parallel to the y axis will result in weak ferromagnetism
along x and z.

The atoms in the nearest neighborhood of each atomic
site are located at t3, —t3, t; — T, and —t; + T,. The AFM
propagation vector can be taken as ¢ = Gy, so that sin % =1
and sin ‘”“T_TZ) = —1. Furthermore, in the first two bonds, the
SO coupling is it,, while in the other two bonds it is —it,.
Then, using Egs. (10) and (8) for @ = 7 /2, and shifting the k-
mesh k — k + %, one can find i} = 4¢, cos '@ cos kTTZ

TABLE II. Experimental lattice parameters (a, b, and ¢ are in
A, B is in degrees) and main parameters of the one-orbital model
for VF, and CuF;: the nearest-neighbor hopping #; (in meV), the
sign-alternating component of the spin-orbit coupling #, (in meV),
and on-site Coulomb repulsion U (in eV). The lattice parameters are
taken from Refs. [68, 69].

a b c B 4 t U

VF,  5.381
CuF, 3.297

5.170
4.562

5.340
4.616

59.74
83.29

—100.66 0.71 3.2
—173.73 5.02 4.0

and I, = 41, sinw sin "TTZ Finally, h, in Eq. (17) is
the Fourier image of transfer integrals between atoms of one
magnetic sublattice, and assuming that they are the same in
both sublattices (otherwise the generalized Bloch theorem
does not apply). Technically, &, is obtained by averaging
the transfer integrals over two magnetic sublattices. The de-
tails and applicability of this approximation are discussed in
Appendix B. Briefly, the hopping parameters g g’ responsi-
ble for the altermagnetic spin splitting of bands are small in
VF,, but can be comparable with regular hoppings #g g in the
case of CuF,. In the strong coupling limit, the contribution

of degenerate bands to AHE is of the order of %, where

~ % The spin splitting yields the additional contribution

~2t't|~‘l'§|t3""", which is smaller by the factor za‘tg"’" [28]. The

realistic parameters |8tg g| < 30 meV (Appendix B) and U =

4 eV (Table II) yield the following estimate % < 0.03.
Therefore the altermagnetic contribution to AHE, originating
from the spin splitting of bands, is expected to be small.

Then, using Eq. (29), it is straightforward to find that

Btit,
Q= ﬁ(acosﬂ —c)b{cosk - (T — T3) —cosk - T,},
x
41
€, =0,and
Bt 1y .
Q= - 3 absin B{cosk - (T — T3) — cosk - T,}. (42)
k
Therefore the ratio
Qi:c—acosﬂ 43)

Q_i asin

is controlled by the geometrical factor, depending only on the
lattice parameters.

These tendencies are clearly seen in the behavior of AHE
and orbital magnetization (Fig. 6). The nonvanishing yz and
xy components of the Hall conductivity are related to each
other by a scaling transformation, which is expected from
Eq. (43). The same holds for the x and z components of
the orbital magnetization. Furthermore, the shape of orbital
magnetization basically repeats the one of AHE, as expected
from Eq. (39).

Finally, we would like to comment on the possibility of
practical realization of AHE (under doping) or magneto-
optical effect in VF; and CuF,. One important question is
whether ¢ = G, = (0, 1, 0) corresponds to the true magnetic
ground states of VF4 and CuF,. For instance, from the view-
point of symmetry, a similar material CuO could be classified
as a potential altermagnet: the space group is C2/c, where
there are two Cu sublattices. Each sublattice is transformed to
itself by Z, while different sublattices are transformed to each
other by {Cy,|t}. However, the magnetic ground state of CuO
corresponds to g & ( %, 0, %), meaning that it is a noncollinear
multiferroic [70]. This tendency is successfully explained by
the behavior of superexchange interactions [71]. The same
situation is expected in VF; and CuF,, where the analysis
of superexchange interactions also predicts the multiferroic
q=~ (%, 0, %) ground state.
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FIG. 6. Band filling dependence of anomalous Hall conductivity
and orbital magnetization in VF4 and CuF,.

C. RuQ,-type systems

RuQO; is viewed as a canonical altermagnetic material [18].
It crystallizes in the rutile-type body-centered tetragonal (bct)
structure with two sublattices (the space group P4, /mnm, No.
136). The atomic positions in both sublattices can be formally
generated by the vectors t; = (—%, %, %), t, = (%, —%, %),
and t; = (%, %, —%), in units of a and ¢ (c/a < 1 being the
tetragonal distortion along z). The additional complication
arising in this case is that there are two sign-alternating com-
ponents of the SO coupling in the nearest bonds: x and vy,
as explained in Fig. 7. The third (z) component is identically
equal to zero. Thus, formally speaking, there is no weak spin
ferromagnetism arising from DM interactions, which is be-
lieved to be a unique aspect of RuO, and other AFM materials
with the P4,/mnm symmetry. However, in other materials,
the weakly FM component can be eliminated in the local

©
1

(] ‘-»9

© ’7/4,/0
@ 2
© °~ (™)
W
() (-]
FIG. 7. Spin-orbit interactions ¢ g (denoted by bold blue ar-
rows) around two magnetic sites in the P4,/mnm structure. The

vectors fg g replicate the form of Dzyaloshinskii-Moriya interac-
tions. The corresponding bond directions are shown by gray arrows.

coordinate frame (see Appendix A). Then, from this point of
view, there is no fundamental difference between RuO, and
other weak ferromagnets.

Nevertheless, the weak spin ferromagnetism in rutile
compounds is allowed by symmetry [72] and the micro-
scopic mechanism behind it is believed to be the single-ion
anisotropy [73]. However, the single-ion anisotropy appears
only at second order in the SO coupling. Therefore, we expect
it to play only a minor role in the AHE and in the orbital
magnetization, both of which arise already at first order.

We assume that the Néel field is parallel to x. Then, accord-
ing to Egs. (7) and (8), in the local coordinate frame specified
by ¢ = G| and o = 0, the SO interaction is described by the
Pauli matrices 6, and 6,. Other transformations are given by
Egs. (10) and (15).

Therefore we will deal with the following Hamiltonian:

e = Il + 6, — W6y + (B + )6, (44)

where it is again convenient to shift the k mesh: k —
k + (7, 0, 0). Then, the parameters of Eq. (44) will be given
by hy, = 2(t2 — 8ty)(cos k. + cosk,) + 2(t, + 8t2) cos k;,
h}( = 8t cos % cos % cos %, hi = —8¢, sin % cos % sin %, and

s ,
h,zc = &1, cos L gin % cos &

> 5 =, where #; is the nearest-neighbor
hopping between the sublattices and #, = ¢, are the hoppings
within the sublattices: along z (f, + 6#;) and in the xy
plane (#, — 8f;). Although for the P4,/mnm symmetry
t, =t,, it is convenient to treat 7, and f, as independent SO
parameters. The eigenvalues, eigenfunctions, and properties
of Hamiltonian (44) can be obtained along the same line as in
Sec. V after replacing B by B + h;.

Furthermore, we have the properties h_, = h,, h', = hj,
K, =k, and h* , = —h¢, which immediately yield &;(B) =
sfk(—B) and ef(B, ty) = slf(—B, —t,). Then, the Berry cur-
vature satisfies the following properties: Q (B) = —Q”, (—B)
(Ok,¢x changes the sign for a = z and x, while sin 26; and
Ok, 6k do not change the sign) and Q; (B, t,) = —$2,(—B, —ty)
(Ok, 6k changes the sign, while sin 26 and 9, ¢ do not change
the sign). Therefore the Hall conductivity, o,,, will be odd
in B, 0,x(—B) = —0..(B), and even in t,, o.x(—1,) = 0, (t,).
Moreover, o, is odd in #,, i.e., when the SO coupling is in the
direction of the Néel field: o, (—%,) = —o,(¢;). Thus, to cal-
culate o to first order in the SO coupling, ¢, can be neglected.
This is consistent with the general strategy for calculating DM
interactions using the response theory: in order to calculate
some particular (say, x) component of the DM vectors, it is
sufficient to align the exchange field along x and consider only
the x component of the SO coupling [33,74].

After neglecting t,, the Berry curvature can be obtained
from Eq. (29) as
Qi _ 4t1t;B

Ay
The results are summarized in Fig. 8, using parameters re-
ported in Ref. [56]. The largest contributions to SZ% arise
from the (2, 0,0) — (0,0, 0) — (0, 0, 27) directions in the
ky =0 plane, which are additionally modulated along k,,
as described by Eq. (45). Moreover, Qi has nodal lines
along k, = *k,. Therefore, if the bands along (0, 0,0) —
(27, 0,0) and (0, 0, 0) — (0, 0, 27) were equally populated,

k
cos? Ey(cos k. — cosk,). (45)
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FIG. 8. Results for RuO,-type systems with the parameters t, =
1, 1, = 1.53, §t, = 1.76, and t, = 0.1 reported in Ref. [56], and
B/t; = 8: (a) Berry curvature, (b) orbital magnetization for ne = 0.5
electrons, and (c) band dispersion along high-symmetry directions
of the bct Brillouin zone (the Fermi level for n, = 0.5 is shown by
a dash-dotted line). Corresponding contour plots of (d) Berry curva-
ture and (e) orbital magnetization in the k, = 0 plane (0 < k, < 27
and 0 < k; < 2m); (f) Band filling dependence of anomalous Hall
conductivity and orbital magnetization.

oy, would vanish. That is why we need the “tetragonal
strain” 8¢, [19,28], which is associated with the tetragonal
distortion c¢/a < 1 of the bct lattice and leads to consider-
ably stronger dispersion along (0, 0, 0) — (0, 0, 27). Then,
for the ne = 0.5 electrons, the “majority-spin” band is fully
populated along (0, 0, 0) — (27, 0, 0) and only partially pop-
ulated along (0, 0,0) — (0, 0, 27 ), resulting in finite o,,. In
the expression for the orbital magnetization, Eq. (39),
is additionally modulated by #,, thus destroying the perfect
cancellation between the directions (0, 0, 0) — (27, 0, 0) and
(0,0,0) — (0,0, 27). Unlike in the previous examples, the
form of orbital magnetization substantially deviates from that
of anomalous Hall conductivity, as is clearly seen in Fig. 8(f).
This effect is related to the much stronger tetragonal distor-
tion, 8t,/t; = 1.76 [56], when the term thZ in the orbital
magnetization starts to play a sizable role.

VII. CLASSIFICATION BASED ON REALISTIC
ELECTRONIC STRUCTURE

The existence of AHE without band splitting is a relatively
new and important finding expected from the analysis of a
simple one-orbital toy model [19,28]. This model can be jus-
tified for a limited number of compounds, like «-type organic
conductors [19], La,CuQOy4 [28], VF4, and CuF,, where the

electronic structure near the Fermi level is indeed charac-
terized by a single well-separated band, which can be taken
as the basis for the construction of a realistic model with
the input parameters derived from first-principles electronic-
structure calculations [66,67,75,76]. This model is typically
in the strong coupling limit, meaning that the band splitting,
SII — s,f = d¢yg, is much weaker than B, so that the contribu-
tion to the Berry curvature associated with the band splitting
is about d&y /B times smaller than the one coming from degen-
erate bands [28].

The next important question is how the contributions
related to the band splitting and spin degeneracy can be
separated in realistic electronic structure calculations. For
these purposes, one can use results of the model analy-
sis as guidance. First, it is important to stay in the global
coordinate frame: although the generalized Bloch theorem
is vital for clarifying fundamental aspects of time-reversal
symmetry breaking in centrosymmetric antiferromagnets, it
relies on additional approximations, such as the neglect of the
spin splitting of AFM bands, which do not necessarily hold
in realistic calculations. Furthermore, the generalized Bloch
theorem does not provide a substantial technical advantage
for calculating AFM spin structures (in comparison with in-
commensurate spin spirals). Second, spin should be a good
quantum number (otherwise, the analysis of spin splitting is
meaningless). Therefore one should keep only one component
of the SO coupling, which is parallel to the Néel field. This
is similar to what we did in the model. Two other compo-
nents of the SO coupling cannot be fully eliminated as in the
one-orbital case. However, if the spin canting is small, their
contribution to AHE is also expected to be small [18].

Suppose that the crystal is oriented in such a way that the
Néel field and SO coupling are parallel to z. Importantly, using
this setting and only the z component of the SO coupling, we
should be able to reproduce the z component of DM interac-
tions [33,74] and, hopefully, the Hall conductivity o,,, which
is related to the sign-alternating part of these interactions [28].
The approximation holds to first order in the SO coupling
[33,74]. Since the Berry curvature is proportional to the SO
coupling at lowest order [19,28,56], it should be captured by
the present approach.

Finally, let us assume that the altermagnetic bands near
the Fermi level can be classified by the spin-doublet quantum
number n and spin indices, 1 or |, describing the splitting of
each such doublet. Then, the Hall conductivity,

! /‘ dk 1 ot ol gl
Oxy = —1; o fn Qn, +fn Qn ’
y V;BZQBZ(]‘ k «2i)
can be identically rearranged as
dk , . o
O =Ty Xn:/ Q—Bz(fnkﬂﬁif + i)

where Q% = L@l — @49 and £5 = (£} — £} are odd
in the Néel field B (the interchange of 1 and |), while Q% =
%(QZ;{Z + Qi,"z) and f5 = ( fnTk + f,fk) are even. Obviously,
total oy, is odd in B. Basically, this is a generalization of the
one-orbital model [28]. The first term can be finite even when
the bands are spin-degenerate, while the second term is finite

only when the 1 and | bands are split across the Fermi level,
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like in the FM state. Indeed, according to Eq. (29), ¢, is odd
in B when the bands are spin-degenerate (in the global frame),
manifesting the {S|t} symmetry. The even term, "%, appears
when the {S|t} symmetry is broken by the altermagnetic band
splitting (see Table I). Importantly, although Q7° and €7 can
be viewed as two independent contributions, both of them are
induced by the relativistic SO interaction (and the Néel field).
Therefore AHE can exist without band splitting. However,
it cannot exist without SO interaction, as was discussed in
Sec. VA 1.

It is instructive to briefly discuss the relative importance
of Q% and Q7 in some characteristic materials using the
simplified expression Q7 /Q°° ~ §&'** /B anticipated in the
strong coupling limit [28], where &'** is a characteristic
(maximal) spin splitting near the Fermi level (a measure of
electron hopping responsible for this splitting). Particularly,
an exceptionally large d¢;™* = 0.8 eV has been reported in
MnTe on the basis of ARPES measurements [22]. However, B
in MnTe is also expected to be large. In the local spin density
approximation, it can be estimated as B ~ %JM , where J is a
characteristic exchange coupling (typically being of the order
of intraatomic Hund’s rule coupling, J ~ 0.8 eV in the case
of Mn?** [77]) and M is the local spin magnetic moment
(M ~ 4.25up in MnTe [78]). Therefore the ratio ¢, /B can
be estimated as 0.47. The effects of on-site Coulomb repulsion
U are also anticipated [78,79]. Particularly, similarly to the
one-orbital model, U can contribute to B and further decrease
the ratio 8¢, /B.

RuO; is an exceptional case. According to theoretical
calculations [18], &** is large (~1 eV), while M is small
(~1.17ug). Furthermore, J for 4d materials is also expected
to be relatively small (~0.6 eV [77]). Then, 6¢,"**/B can be
estimated as 2.85. This value will be somewhat decreased by
considering the effects of on-site U, which are also anticipated
in RuO; [18]. In any case, the even-order contribution Qflkz is
expected to be large in RuO,. However, it does not necessarily
mean that the odd-order contribution Q7 is negligible. Fur-
thermore, whether Qfd; will dominate in the calculations of
o,y depends on how the topology of €27;° matches that of the
Fermi surface and whether the areas of large spin splitting of
bands across the Fermi level will coincide with the ones where

Q) is large [28].

VIII. SUMMARY AND OUTLOOK

The time-reversal symmetry breaking in AFM substances
implies certain analogies with ferromagnetism. On the one
hand, it can lift the Kramers degeneracy and split the AFM
bands with opposite spins. This is an overt analogy, which
relies on a more or less standard picture of antiferromagnetism
where there are two magnetic sublattices with the moments
pointing in opposite directions. Today, this analogy is inten-
sively explored in the context of altermagnetism [2—4].

In the present work, we have argued that there is a deeper
analogy, which allows us to present certain classes of antifer-
romagnets with broken 7 as if they were ferromagnets with
only one magnetic site per cell.

Such a representation appears to be possible due to the
hidden {S|t} symmetry of SO interaction in centrosymmetric
antiferromagnets, allowing transformation to the local

coordinate frame where all the spins are pointed along
the positive direction of z, i.e., like in ferromagnets. This
symmetry is the consequence of the inversional invariance
of the system. The key point is that the inversion symmetry
can be broken locally, in individual bonds. Nevertheless, in
centrosymmetric antiferromagnets, some inversion centers
continue to exist, so that Z transforms the AFM lattice to
itself. If the system is subjected to a lattice distortion, in
order to preserve Z, this distortion must be antipolar. In other
words, we are dealing with antipolar antiferromagnetism.

The antipolar distortion inevitably leads to the doubling of
the crystallographic cell, where the SO interaction behaves as
an antiferromagnetically ordered object and changes its sign
when one moves from one magnetic sublattice to another.
Nevertheless, this sign change of the SO interaction can be
compensated in some local coordinate frame.

Indeed, the {S|t} symmetry allows us to use the generalized
Bloch theorem, which greatly simplifies the first-principles
calculations of incommensurate spin-spiral states [31,54]. Us-
ing the generalized Bloch theorem, any such spiral with an
arbitrary propagation vector ¢ can be described within one
crystallographic unit cell. The AFM alignment of spins is a
particular case of the spin spiral. Nevertheless, the generalized
Bloch theorem is typically at odds with the relativistic SO
interaction, which tends to lock the spins along one particu-
lar direction and, thus, acts against the spin spiral [74]. The
antiferromagnetism appears to be a special case: even though
the generalized Bloch theorem is not valid for an arbitrary
propagation g, it can still be valid for the AFM alignment in
an antipolar lattice, which imposes a constraint on the form of
the SO interaction. As a result, in the local coordinate frame,
the Néel field and SO interaction become translationally in-
variant on the “ferromagnetic” lattice with one magnetic site
per cell.

The regular AFM order doubles the unit cell. In unconven-
tional antiferromagnets with broken 7, the magnetic unit cell
should be as large as the crystallographic one [1]. We substan-
tially revise this canonical point of view and show that, due to
the {S|t} symmetry, the magnetic unit cell of centrosymmetric
antiferromagnets can be even smaller than the crystallo-
graphic one. The situation is highly unusual, but reflects the
fundamental symmetry of these systems and naturally ex-
plains their similarity with ferromagnets. The emergence of
AHE, orbital magnetization, and magneto-optical effect in this
case becomes natural, and all these “ferromagnetic” properties
can be evaluated in the same way as for regular ferromagnets,
but in the local coordinate frame.

Because the {S|t} symmetry protects the AFM band degen-
eracy, this case is qualitatively distinct from altermagnetism.
These phenomena are related to different symmetries, which
typically coexist in one magnetic space group: the {S|t} sym-
metry is a consequence of inversional invariance, while the
band splitting occurs due to rotational, typically {C|t}, sym-
metry, which is combined with 7. {C|t} does not conflict with
the {S|t} symmetry of the SO interaction, which operates be-
tween different sublattices. The main effect of {C|t} on the SO
interaction is that it relates the parameters of this interaction
on the symmetry-related bonds around each magnetic site.
However, {C|t} also specifies the form of hopping parameters
operating in different sublattices, which are related by the
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rotation C. This can split the AFM bands and eventually break
the {S|t} symmetry.

If the microscopic Hamiltonian were real, the trans-
formation {S|t} would be identical to {7|t}. However,
when the bonds connecting different sublattices are non-
centrosymmetric, as in antipolar lattices, the Hamiltonian is
complex. Then, {S|t} is not the same as {7 |t}. Therefore
the time-reversal symmetry can be broken, but the Hamil-
tonian remains invariant under {S|t}, keeping the bands
degenerate. This is another fundamental reason why the cen-
trosymmetric antiferromagnets can exhibit AHE and other
ferromagnetic phenomena even if the bands are spin de-
generate. The fundamental {S|t} symmetry establishes the
connection between unconventional antiferromagnetism with
spin-degenerate bands and conventional ferromagnetism with
spin-split bands.

The basic idea was illustrated on a number of ex-
amples, including a square perovskite lattice, monoclinic
VF, and CuF,, and antiferromagnetism in the rutile com-
pounds. Nevertheless, it has much wider implications for
the properties of unconventional antiferromagnets. For in-
stance, the authors of a recent review article [25] have
proposed 221 three-dimensional materials, which could po-
tentially be altermagnetic, and this number continues to grow.
However, most of these materials are centrosymmetric antifer-
romagnets, whose fundamental ferromagnetic properties are
consequences of the hidden {S|t} symmetry.

The band splitting provides an additional contribution to
AHE, which is also related to relativistic SO interaction.
However, in model considerations, it emerges only as a small
correction to AHE obtained for the spin-degenerate bands
[28]. Moreover, for certain materials, such as La,CuQy, the
band splitting vanishes due to the special symmetry constraint
imposed on parameters of the one-orbital model, which is
expected to provide an adequate description near the Fermi
level [66,67].

In light of these arguments, systematic experimental infor-
mation establishing a correlation between the band splitting
and AHE is highly welcome. Today, this information is very
sparse. For instance, AHE has been experimentally mea-
sured in MnTe [79] and attributed to the large band splitting
[22,23,79]. AHE has been also reported in AFM FeS [80],
but no information about the band splitting is currently avail-
able. As an opposite example, no indications of magnon
band splitting have been reported in MnF, [81], which is
yet another altermagnetic candidate crystallizing in the ru-
tile structure [25]. Although this is not a direct probe of
the band splitting, some relationship is anticipated between
them because interatomic exchange interactions should re-
flect details of the electronic structure [33]. Our work clearly
shows that MnF, can exhibit the magneto-optical effect or
AHE (for instance, under doping) regardless of whether there
is band splitting. An interesting aspect of MnF, is that the
d> configuration of Mn** is nearly spherical. Therefore the
alternation of exchange interactions (and hopping parameters)
responsible for the band splitting is expected to be small,
as is the single-ion anisotropy. In this sense, the finding of
Ref. [81] is quite natural. Although in the ground state the
magnetic moments in MnF, are aligned parallel to z, which
prohibits the magneto-optical activity, they can be rotated

into the basal plane via the spin-flop transition in a magnetic
field [82,83].

The spin group theory is a popular tool for identifying
possible band splitting in altermagnetic materials [2,84]. Nev-
ertheless, the symmetry alone does not say whether this
splitting is large or small. It can be accidentally zero (as in
MnF,) or identically zero (as in the one-orbital model of
La;CuQy). On the other hand, the SO interaction, which leads
to AHE in antipolar antiferromagnets, is always finite due
to the lack of bond inversion symmetry. Formally, we deal
with the same materials, which were recently identified as
the novel type-III phase of magnetism (altermagnetism) [2].
However, these materials have a long history [5,6] and were
known before as centrosymmetric antiferromagnets [8,12].
Centrosymmetric antiferromagnetism is a more general def-
inition, implying a wide range of “ferromagnetic” properties,
which are not necessarily related to the spin splitting of bands.
The altermagnetism (the band splitting) is just a subclass of
centrosymmetric antiferromagnetism.

The lack of inversion symmetry would break the {S|t}
symmetry of the SO interaction. For instance, in the simplest
polar magnets, the SO interaction is translationally invariant
and transforms to itself under t. This induces DM interac-
tions connecting different unit cells, which are responsible
for the formation of noncollinear magnetic textures, such
as spin spirals or skyrmions [38—40]. Thus generally such
systems cannot be classified as “collinear antiferromagnets.”
Nevertheless, the lack of inversion symmetry can lead to a
number of interesting properties, including skyrmion-induced
topological Hall effect [85].

Another prominent example of topological magnetism is
the noncoplanar antiferromagnetism realized in triangular,
pyrochlore, or kagome lattices [86—89]. The main difference
from nearly collinear centrosymmetric antiferromagnets
considered in the present work is that in noncoplanar
magnets, AHE is induced by scalar spin chirality without SO
interaction.

Thus the altermagnetic splitting of bands is certainly
an interesting theoretical discovery leading to a number of
practically important phenomena such as the spin-current gen-
eration in AFM substances [17,20,26]. However, regarding the
whole spectrum of properties expected in centrosymmetric an-
tiferromagnets with broken time-reversal symmetry, it would
not be right to attribute all of them to the band splitting and
try to consider all of them only from the viewpoint of this
splitting. Even if the band splitting is small, the material is still
expected to host robust AHE and net orbital magnetization,
exhibit magneto-optical rotations and other “ferromagnetic”
phenomena, which are related to other, hidden, symmetries of
such an AFM state, being the consequence of the inversional
invariance.
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APPENDIX A: ELIMINATION OF WEAKLY
FERROMAGNETIC COMPONENTS
OF THE SPIN-ORBIT COUPLING

To be specific, let us consider the case where x and z
components of the SO coupling between sublattices 1 and 2
have the same sign in all neighboring bonds (and are respon-
sible for weak spin ferromagnetism), while the y component
is sign-alternating (and responsible for AHE), which is rather
common for two-sublattice antiferromagnets [28]. The com-
plex transfer integrals, including the SO coupling, are given
by tR’R/]Al +itpg - O

Then, let us consider the unitary transformation of sublat-
tice 2, U = "% = cos %]Al + in - 6 sin £, such that (tR,Rr]Al +
itp R - U ~ fR!R/]Al + itj;,R@v- In principle, by using such a
transformation, one can completely eliminate the SO term
itg g - 6 separately in each bond [32,55]. However, this can-
not be done simultaneously for all the bonds unless the
parameters of the SO coupling are the same in all these bonds.
Nevertheless, one can try to eliminate tljé, R =h and tfe, r =1l
which are the same in all the bonds.

Assuming n = ‘=25 which does not depend on the alter-

N EEEN

nating y-component, one can find the following equations for
@:

% .9
1, COS — > —i—nxt sin — 7~ [tg r % 1], sin 5 =0

and

% . @
t,COS — + n,t sSin — —
Zz 2 Z 2

[trr X nl; sin% =0,

where [tg g X 0] =t o0 and [tg g X 0], = RR’”X The
first two terms in these equations are first order in the SO
coupling, whereas the third term is second order and can be
neglected (note that (p is first order). Therefore one can find

that ¢ = —2 arctan

APPENDIX B: ELECTRONIC STRUCTURE AND MINIMAL
MODEL FOR VF4 AND CuF,

The electronic structure of VF4 and CuF; in LDA with the
experimental lattice parameters [68,69] is shown in Fig. 9.
The calculations are performed using the linear muffin-tin
orbital (LMTO) method [90,91] and Vosko-Wilk-Nusair
parametrization for the exchange-correlation potential in
LDA [92].

VF, CuF.
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FIG. 9. Electronic structure of VF, (left) and CuF, (right) in
LDA. The Fermi level is at zero energy. Shaded areas depict the
bands, which were used for the construction of minimal one-orbital
models.

In both cases, the electronic structure is characterized by
two well-isolated bands at the Fermi level, which are depicted
in Fig. 9. For each spin, these bands can accommodate one
electron. Therefore, in nonmagnetic LDA, the bands are half-
filled.

Using Bloch functions for these bands, one can construct
the localized Wannier functions, which serve as the basis
for a minimal model. For these purposes, we employ the
projector-operator technique [75,76]. Then, the transfer in-
tegrals tR,R/]Al +itg g - 6 can be identified with the matrix
elements of the LDA Hamiltonian with the SO coupling in
the Wannier basis. The screened on-site Coulomb repulsion
U can be evaluated within the constrained random-phase ap-
proximation [93], as explained in Ref. [75]. At half-filling, the
Néel field is related to U as B =~ U/2.

The transfer integrals operating within the same sublattices
were additionally averaged. Namely, using the transfer inte-
grals in sublattices I and II, one can define ¢
t{{ ) (the regular contribution) and 8t . = = 1(t} RR t{{ ®)
(the altermagnetic contribution). The approx1mat10n consists
in neglecting 8tR,R" This suppresses the spin splitting of the
AFM bands, but allows us to employ the generalized Bloch
theorem and describe these AFM systems as if they had only
one magnetic site in the unit cell. The validity of this ap-
proximation depends on the system: while 8z, ., and 7, ., are

R.R (RR’

comparable in CuFy, 8z, . appears to be much smaller than
T in VF4 (see Fig. 10).
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in VF, and CuF,.
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