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The construction of large quantum beam facilities such as the synchrotron radiation facility SPring-8 and the
high-intensity proton accelerator facility J-PARC has provided access to high-intensity, high-energy quantum
beams that are essential for structural analyses of non-crystalline materials via diffraction measurements in
Japan. The developments of quantum beam diffraction techniques led to significant advancements in the
research field. By the complementary use of X-rays, which are sensitive to heavy elements, and neutrons, which
are sensitive to light elements, along with the advances in computer simulations and topological analysis
techniques, we have achieved a deep understanding of disordered structures with intermediate-range ordering.
In this article, we review the recent results obtained by the complementary use of quantum beam diffraction and
topological analyses of silica polymorphs, covering silica crystals and densified silica glasses. The comparison
between the persistent homology analysis data and the ring size distribution has led to the classification of a
series of densified silica glasses and crystals in terms of ring persistency (ring shape) and ring entropy
(topological order–disorder). This is a new concept to understand the nature of order–disorder observed in a
series of silica polymorphs without using diffraction data. We also discuss the differences among disordered
materials, which comprises an AA4 (A = Si) tetrahedral network (amorphous silicon), an AX4 (A = Si, X = O)
tetrahedral network (glassy silica), and a non-tetrahedral network due to isolated AX4 (A = C, X = Cl) tetra-
hedra (liquid carbon tetrachloride) in terms of the origin of a three-peak structure, FSDP (Q1), PP (Q2), and Q3.
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1. Introduction

Non-crystalline materials such as glass, liquids, and
amorphous materials lack the structural order found in
crystalline phases, which results in broad ‘halo patterns’
in quantum beam diffraction data. Since non-crystalline
materials lack structural descriptors such as lattice con-
stants or space groups used in crystalline phases, it is im-
possible to determine atomic positions solely from diffrac-
tion data. Instead, the function best suited for describing
the disordered structure of amorphous materials is the pair
distribution function (PDF) g(r).1) g(r) represents the prob-
ability of finding another atom at the distance r from a

single atom located at the origin. g(r) is obtained by a
Fourier transform of the normalized quantum beam dif-
fraction data, the Faber–Ziman2) total structure factor S(Q).

gðrÞ ¼ 1þ 1

2³2rμ

Z Qmax

Qmin

Q½SðQÞ � 1� sinðQrÞMðQÞdQ
ð1Þ

Here, μ represents the atomic number density, which is
the number of atoms per unit volume. Q [= (4³/­) sin ª,
where 2ª is the scattering angle and ­ is the wavelength of
the incident X-rays or neutrons] represents the magnitude
of the scattering vector. M(Q) is a modification function
introduced to reduce the ripples caused by the truncation
error of S(Q) in a finite Q range in the Fourier transform of
S(Q), for which the Lorch function3) has been used.
However, since diffraction data over a wide Q range can
now be measured with sufficient statistics, truncation
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errors have been significantly reduced. Additionally, using
such functions can lead to a decrease in real-space reso-
lution, so there are many reports where M(Q) is not intro-
duced. However, the X-ray atomic form factor, which
represents the scattering capability of atoms, depends on
Q. Therefore, in multicomponent systems where the differ-
ence in atomic number between constituent atoms is large,
it is often necessary to introduce M(Q) to suppress the
truncation error of the Q-dependent atomic form factor.
Regarding M(Q), new functions have been proposed,4) and
the effect of M(Q) has been carefully discussed.5) The
relationships among the pair distribution function g(r), the
reduced pair distribution function G(r), the total corre-
lation function T(r), and the radial distribution function
RDF(r) are expressed as follows.

gðrÞ ¼ GðrÞ
4³rμ

þ 1 ð2Þ

T ðrÞ ¼ GðrÞ þ 4³rμ ¼ 4³rμgðrÞ ð3Þ
RDFðrÞ ¼ rGðrÞ þ 4³rμ ¼ rT ðrÞ ð4Þ

To obtain the reliable real-space function with high
resolution, it is necessary to measure diffraction patterns
up to high Q, since the real-space resolution is determined
by Qmax in Eq. (1).6) Large quantum beam facilities such
as the synchrotron radiation facility SPring-8 and the high-
intensity proton accelerator facility J-PARC have provided
access to high-intensity, high-energy quantum beams that
are essential for structural analyses of non-crystalline
materials via diffraction measurements with high-Q data.

We previously have reviewed combined quantum beam
diffraction measurements and computer simulations,7,8)

several studies on oxide glasses and high-temperature
oxide melts,9,10) and the topology in silica polymorphs.11)

In this article, we review our recent studies on non-
crystalline materials by diffraction measurements and a
series of topological analysis techniques such as ring size,
homology, ring shape, and tetrahedral order analyses. In
particular, we introduce the concept of ‘ring entropy’ to
understand the effects of ring shape and ring size distri-
bution to the inter mediate-range structure in silica poly-
morphs. Moreover, the origins of diffraction peaks in
tetrahedrally coordinated non-crystalline materials are
discussed.

2. X-ray and neutron diffraction data
of silica (SiO2) glass

Silica is the most important material that can form glass
as a single component. The short-range ordering of this
glass is the same as that of crystals consisting of SiO4

tetrahedra with oxygen atoms sharing at the corner, form-
ing a network structure. The structure factor S(Q) of silica
glass obtained from X-ray diffraction (SPring-8) and neu-
tron diffraction (J-PARC) data is shown in Fig. 1(a). When
the glass is composed of n types (n ² 2) or more of atoms,
the X-ray total structure factor S(Q) is the weighted sum
of the partial structure factor Sij(Q) values corresponding
to the correlations between atoms of the same or different
types.

SXðQÞ ¼
Xn

i¼1

Xn

j¼1
WijðQÞSijðQÞ ð5Þ

hfðQÞi2 ¼
Xn

i¼1
cifiðQÞ

� �2
ð6Þ

Here, ci and fi(Q) are the molar fraction and atomic
scattering factor of atom i, respectively, and Wij(Q) is
the weighting factor defined by ci and fi(Q), Wij(Q) =
cicjfi(Q)fj(Q)/© f (Q)ª2. In the case of silica glass,

SSiO2
ðQÞ ¼ WSi­SiðQÞSSi­SiðQÞ

þ 2WSi­OðQÞSSi­OðQÞ
þWO­OðQÞSO­OðQÞ ð7Þ

When fi(Q) is replaced with the atomic number, i.e.,
fi(Q = 0), the relationships of the X-ray structure factor
SX(Q) and the neutron structure factor SN(Q) obtained by
replacing fi(Q) with the neutron scattering length bi with
the partial structure factor are expressed as follows.

SXðQÞ ¼ 0:218SSi­SiðQÞ þ 0:498SSi­OðQÞ
þ 0:284SO­OðQÞ ð8Þ

SNðQÞ ¼ 0:069SSi­SiðQÞ þ 0:388SSi­OðQÞ
þ 0:543SO­OðQÞ ð9Þ

X-rays are more sensitive to heavy elements, whereas neu-
trons are more sensitive to light elements. This difference
in sensitivity is reflected in the different weights assigned
to each Sij(Q). In fact, this difference in weight is mani-
fested as the difference in S(Q) in Fig. 1(a).12) The first
sharp diffraction peak (FSDP, Q1)13,14) is observed at Q ³
1.5¡¹1 in SX,N(Q). This FSDP is considered a signature of
the intermediate-range ordering in glass, and its peak posi-
tion (2³/Q1) and half-width (2³/¦Q1) are estimated to
have a periodicity of 4¡ and a coherence length of 10¡,
respectively.15)

SN(Q) shows a principal peak (PP, Q2)14) at Q ³ 3¡¹1,
but no such peak is observed in SX(Q), suggesting that PP
reflects the oxygen–oxygen correlation. The Sij(Q)15,16) of
silica glass derived from MD-RMC modelling is shown in
Fig. 1(a). It can be seen that SSi–Si(Q) and SO–O(Q) show
positive peaks at Q2 ³ 3¡¹1, whereas SSi–O(Q) shows a
negative peak. Since these positive and negative peaks
are weighted by Wij(Q) in Eqs. (8) and (9), a large WO–O

(= 0.543) results in a positive PP in SN(Q). However, in
SX(Q), a large WSi–O (= 0.498) causes a negative PP. The
origin of the negative peak at Q ³ 3¡¹1 in SSi–O(Q) is
discussed in Ref. 17).
The peak Q3 observed at Q ³ 5¡¹1 in SX,N(Q) reflects

the nearest-neighbour correlation.18) Onodera et al. applied
RMC modelling to liquid mercury and confirmed its valid-
ity,15) but further investigation is addressed in section 6 of
this paper. Figure 1(b) shows the total correlation function
TX,N(r) of silica glass12) obtained by a Fourier transform of
S(Q). A peak corresponding to Si–O correlations is ob-
served at 1.6¡. The calculation of the peak area yields
a coordination number of 4, confirming the formation of
SiO4 tetrahedra. An oxygen–oxygen correlation peak is
observed at 2.6¡, but since neutrons are more sensitive to
oxygen atoms than X-rays, the peak is higher in neutron
diffraction data. On the other hand, a peak corresponding
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to silicon–silicon correlations is observed at 3.1¡, but the
peak is higher in the diffraction data of X-rays, which are
more sensitive to heavy elements. Thus, even in simple
oxide glasses such as silica glass, the difference between
X-ray and neutron diffraction data is clear.

3. Structure of silica crystal and glass

The short-range ordering of silica crystals (cristobalite,
tridymite, quartz, and coesite) and glass consists of SiO4

tetrahedra, which are interconnected by corner-sharing
oxygen atoms to form a continuous network structure. In
crystalline silica, Si atoms are surrounded by four Si atoms
via O atoms and O atoms are surrounded by six O atoms
via Si atoms (see Fig. 2). Figure 3 shows the distributions
of the numbers of Si atoms around Si atom (a) and of O
atoms around O atom (b) in silica glass obtained by MD-
RMD modelling based on X-ray and neutron diffraction
data.15) The number of Si atoms around Si atom is almost
4, but only 70% O atoms are surrounded by six O atoms in
silica glass. This is an important structural feature in silica
glass induced by disorder. Cooper proposed the topolog-
ical disorder in silica glass on the basis of ring size

distribution, because silica glass shows a various-ring-size
distribution.19) Onodera et al. reported that cristobalite and
tridymite have only sixfold rings (consisting of six SiO4

tetrahedra), whereas quartz has a large fraction of eightfold
rings in addition to sixfold rings. Coesite has a various-
ring-size distribution similarly to silica glass, suggesting
that coesite is topologically disordered. This feature is
related to the broad neutron inelastic scattering spectrum
of coesite, which is very similar to that of silica glass.20)
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O

Fig. 2. Atomic configuration of ¢-cristobalite.
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Fig. 1. (a) X-ray and neutron structure factors SX,N(Q)12) together with Faber–Ziman partial structure factors
Sij(Q) obtained from MD-RMC model.15,16) (b) X-ray and neutron total correlation functions TX,N(r).12)
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4. Structure and topology
of densified silica glass

The structure of silica glass has been widely studied
from ambient conditions1,6–12,15,16,21,22) to high-pres-
sure12,16,17,20–27) and high-temperature12,17,20,21,28,30) condi-
tions by X-ray and neutron diffraction measurements. We
have recently synthesized two silica glasses with the same
density (2.7 g cm¹3) but different structures by hot and
cold densifications.20) Figure 4 shows the X-ray total
structure factors SX(Q) of silica glasses synthesized at
1200 °C/7.7GPa (hot densified glass, HDG) and RT/
20GPa (cold densified glass, CDG). The height of FSDP
is maximum in HDG and minimum in CDG, suggesting
that HDG is the most ordered glass and CDG is the most
disordered glass. Moreover, we confirmed that CDG is not
a permanently densified glass and its density decreases to
2.21 g cm¹3 after heat treatment at 900 °C.

We applied topological analysis techniques to a series
of densified silica glasses to understand the intermediate-

range ordering. The combined use of ring size distribu-
tion analysis29,30) and persistent homology analysis31–33) is
very useful for understanding the topology of densified
silica glass.20) Figure 5(a) shows the persistence pn [see
Ref. 34)] of Si cycles in ¡-cristobalite,35) ¢-cristobalite,36)

¡-quartz,37) coesite,38) and a series of densified silica
glasses calculated using a combination of the R.I.N.G.S.
code,29,30) SOVA,39) and HomCloud.33) It is found that the
shape of a large ring changes with increasing density and
the pn of HDG is the smallest. This behaviour is in line
with the change in the height of FSDP (Fig. S1). Intrigu-
ingly, the pn values of the sixfold and eightfold rings in
HDG are comparable to those of quartz, whose density is
identical to that of HDG. It is also found that an unusually
large pn is observed for the eightfold rings in coesite.
Although the fraction of eightfold rings is small, such sym-
metrical eightfold rings [see Fig. 5(b)] are observed in
coesite, whose density is the highest in a series of tetra-
hedral corner-sharing silica.
Recently, we have reported that inter-tetrahedral oxy-

gen–oxygen correlation is observed in silica glass, coesite,
and siliceous zeolite MFI. Figure 6 shows the typical tri-
angle O–O–O correlation32) extracted from O-centric per-
sistence diagrams (PDs) for HDG and coesite, in which
inter-tetrahedral O–O correlations (green sticks) are ob-
served. This correlation is the origin of the sharp PP in neu-
tron diffraction data for silica glass under high pressure.24)

5. Topological analysis of Si–O rings

We propose a new analysis method to understand the
ring statistics in silica polymorphs. To quantify the breadth
of the ring size distribution, we define the ring entropy H
as

H ¼ �
X

n
Fn lnðFnÞ; ð10Þ

where Fn denotes the fraction of Si–O rings with n-fold
number of atoms in the primitive ring size distribution of
each SiO2 glass or crystal. H is zero when all rings have
the same size, and it increases as the ring size distribution
becomes broader. Thus, H provides a useful measure of the
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Fig. 3. (a) Number of silicon atoms around silicon atom and (b) that of oxygen atoms around oxygen atom
obtained from MD-RMC model.
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breadth of the ring size distribution. As mentioned in
section 3, the concept of a topologically disordered net-
work was proposed in Refs. 19) and 40) on the basis of
ring size distribution. As a follow-up, here we introduce
the ring entropy H, which enables the degree of topo-
logical disorder to be characterized quantitatively.

We also define the average persistence of the Si cycles,
A, as

A ¼
X

n
Fn

pn
n
; ð11Þ

where pn is the persistence of the n-fold Si cycles defined
by dk–bk derived by persistent homology analysis.31–33) A
characterizes the overall degree of symmetry of the rings
in each SiO2 compound. Smaller and larger A values cor-
respond to more distorted and more symmetrical ring
shapes, respectively.

Figure 7 shows a two-dimensional plot of A versus H
for a series of silica polymorphs. Because both ¡- and
¢-cristobalites consist only of sixfold rings,20) their H
values are zero. On the other hand, the ring shapes in ¢-
cristobalite are more symmetric than those in ¡-cristobal-
ite,20) and therefore, ¢-cristobalite exhibits a larger A value
than ¡-cristobalite. Unlike cristobalite, ¡-quartz contains

rings of two difference sizes, as determined from the prim-
itive criterion,20) i.e., six- and eightfold rings. As a result,
¡-quartz shows a finite H value of 0.45. In addition, ¡-
quartz exhibits a smaller A value than cristobalite, which
reasonably reflects the more distorted ring shapes in ¡-
quartz than in cristobalite.20)

Compared with these crystals, the H values of SiO2

glasses are larger because of the broader ring size distri-
bution of the glasses than of cristobalite and quartz.20) A
decreases in the following order of the glass samples syn-
thesized under different conditions: RT/7.7GPa, 400 °C/
7.7GPa, RT/20GPa, and 1200 °C/7.7GPa. This trend is
well correlated with the increase in density.20) This corre-
lation is further supported by the fact that the glasses syn-
thesized at RT/20GPa and 1200 °C/7.7GPa exhibit both
similar densities20) and A values. These results indicate
that the densification of SiO2 glasses induces the distortion
of constituent rings.
Note that coesite data points cluster the SiO2 glasses in

Fig. 7. In particular, the similarity in H values between
coesite and SiO2 glasses suggests a similar degree of topo-
logical disorder. This similarity may be related to a broad
peak observed in the inelastic neutron scattering data for
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coesite,20) which is very similar to the feature of the boson
peak observed in SiO2 glasses as mentioned in section 3.

Although the H and A values of liquid silica are iden-
tical to those of silica glass, they are larger, indicating that
silica in the liquid state is topologically more disordered
than that in the glassy state,41) whereas its rings are overall
less distorted.

On the basis of the above discussion, we schematically
illustrate two-dimensional corner-sharing networks for dif-
ferent combinations of A and H values in Fig. 7. For low
A and high H, the network consists of rings with uniform
size and symmetric shapes (upper left in Fig. 7), which
corresponds to ¢-cristobalite. As H increases, a wide vari-
ety of ring sizes appear, whereas the rings generally main-
tain their symmetric shapes (upper right in Fig. 7). In con-
trast, as A decreases, the rings become distorted, while the
network still consists of rings with the same size (lower
left in Fig. 7). When A is low and H is high, the network is
composed of distorted rings with different sizes (lower
right in Fig. 7).

It is worth mentioning that both A and H are insensitive
to the distinction between crystalline and non-crystalline
states. In fact, both the crystals and glasses can exhibit
similar values of A and H as shown in Fig. 7 for SiO2

glasses and coesite. Therefore, A and H provide a unified
framework for evaluating topological features across both
crystalline and non-crystalline materials. In addition, the
ring entropy H represents different measure of order and
disorder from that inferred from the FSDP. Figure S1
presents the S(Q) in the low-Q region for SiO2 glasses
synthesized at various temperatures and under a pressure
of 7.7GPa. Compared with the S(Q) of the glass synthe-
sized at RT/7.7GPa, which is almost identical to that of
the pristine glass in terms of the position/height of FSDP
and density, the sample prepared at 400 °C/7.7GPa exhib-

its an FSDP with reduced height and a shift to a higher-Q
region. As the temperature further increases, the height
of the FSDP is significantly increased, reaching its maxi-
mum at 1200 °C/7.7GPa, indicating that the hot-densified
glass synthesized at this condition is the most ordered
glass, as discussed in section 4. On the other hand, this
hot-densified glass shows the highest H value among the
glasses synthesized under different temperatures at 7.7
GPa, as shown in Fig. 7, suggesting the strong topologi-
cal disorder of the glass synthesized at 1200 °C/7.7GPa.
These results highlight the conceptual difference between
topological order/disorder proposed by Cooper and Gupta
and that proposed in this section.

6. Understanding the origin of Q3
in non-crystalline materials

The origin of diffraction peaks of non-crystalline mate-
rials has been discussed for long time.11,13,15,18) The length
scale of intermediate-range order manifested by diffraction
peaks in terms of peak position and peak width was dis-
cussed by Salmon and Zeidler in Ref. 42). Very recently,
the ring size distribution in silica glass was deduced by
the analysis of FSDP, which seems to be a challenging
approach.43) Figure 8 shows atomic configurations of
amorphous silicon,41) glassy silica,15) and liquid carbon
tetrachloride.44) Amorphous Si has a perfect SiSi4 tetrahe-
dral network, whereas glassy silica has a SiO4 tetrahedral
network in which Si atom is fourfold and O atom is
twofold. The short-range structure of liquid carbon tetra-
chloride is a CCl4 tetrahedron, but CCl4 tetrahedra are
isolated. In our previous study, we confirmed that the Q3 of
liquid Hg can be reproduced by a random atomic configu-
ration with a cut-off distance of 2.6¡.15) Here, we calcu-
late the S(Q) of a SiSi4 tetrahedron (first and second Si–Si
correlations), a SiO4 tetrahedron (silicon–oxygen and
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oxygen–oxygen correlations), and a CCl4 tetrahedron
(carbon–chlorine and chlorine–chlorine correlations) using
the following equations:45,46)

SðQÞ ¼ ciNijfiðQÞfjðQÞ
hfðQÞi2 exp � 1

2
l2ijQ

2

� �

� sinð³Q=QmaxÞ
³Q=Qmax

sinðQrijÞ
rij

ð12Þ

and

hfðQÞi2 ¼
X

i
cifiðQÞ

� �2
; ð13Þ

where ci and fi(Q) are the concentration and atomic form
factor of i, respectively. rij is the atomic distance between i
and j, Nij is the coordination number of j around i, and lij
is a convergence factor that represents the static and ther-
mal disorders of the i–j correlation.

Figure 9 shows the X-ray total structure factor SX(Q)
of amorphous Si,47) the neutron total structure factors
SN(Q) of glassy silica12) and liquid carbon tetrachloride,48)

together with the SX(Q) of a SiSi4 tetrahedron and the
SN(Q) of a SiO4 tetrahedron and a CCl4 tetrahedron calcu-
lated using Eq. (12). It is confirmed that FSDP and PP
cannot be reproduced by a tetrahedron for glassy silica. As
can be seen in the figure, a CCl4 model shows a single PP,
but experimental data shows two peaks due to the orien-
tational correlation49,50) of CCl4 molecules. The hard
sphere Monte Carlo50,51) model gives a single PP.52) Only
the Q3 of liquid carbon tetrachloride is reproduced by a
CCl4 tetrahedron probably owing to the non-tetrahedral
network structure (CCl4 molecules are isolated).

Here, we address more the origin of PP. The origin of
FSDP has been widely discussed,11,13,15,18) while the origin
of PP can be understood in terms of inter-tetrahedral X–X
correlation in AX4 tetrahedrally coordinated system in this
article. Since metallic glasses do not show an FSDP nor a

PP,15,18) we suggest that the origin of PP can be attributed
to the correlation of the vertex of polyhedra in amorphous
silicon and liquid carbon tetrachloride.
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Fig. 8. Atomic configurations of amorphous silicon,41) glassy silica,15) and liquid carbon tetrachloride44)

together with coordination numbers obtained by MD-RMC models for amorphous silicon and glassy silica, and
RMC-MM model for liquid carbon tetrachloride.
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7. Conclusions

In this article, we review recent results obtained by the
complementary use of quantum beam diffraction and
topological analysis for silica polymorphs. First, we intro-
duced the state-of-the-art X-ray and neutron diffraction
data of silica glass measured at SPring-8 and J-PARC,
respectively.

A combination of quantum beam diffraction measure-
ments and computer simulations,7,8) several studies on ox-
ide glasses and high-temperature oxide melts,9,10) and the
topology in silica polymorphs11) have been reviewed in our
previous articles. In the present article, we compare atomic
arrangements in silica crystals and glass, with special focus
on the number of silicon atoms around silicon atom, and
that of oxygen atoms around oxygen atom. Moreover, we
introduced a series of densified silica glasses synthesized
by hot and cold densifications to understand the differ-
ences in diffraction data and ring persistency. The com-
parison between the persistent homology analysis data and
the ring size distribution has led to the classification of a
series of densified silica glasses and crystals in terms of
ring persistency (ring shape) and ring entropy (topological
order–disorder) without using diffraction data. This is a
crucial new concept to understand the nature of order with-
in disorder53) observed in a series of silica polymorphs.

Finally, we interpreted the diffraction peak in tetrahe-
drally coordinated non-crystalline materials. As a result,
we found differences among amorphous silicon, glassy
silica, and liquid carbon tetrachloride in terms of the ori-
gins of a three-peak structure, FSDP (Q1), PP (Q2), and Q3.

The understanding of diffraction peaks in non-crystal-
line materials is the first step toward understanding the
nature of order within disorder. Moreover, the introduc-
tion of topological analysis enables us to directly compare
between crystalline and non-crystalline materials, which
does not depend on the presence or absence of the Bragg
peak.
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