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 a b s t r a c t

Bayesian optimization (BO) is widely used to accelerate physics and materials research, where objective function 
evaluations are computationally or experimentally expensive. While many BO frameworks focus on algorithmic 
efficiency, practical usability and portability are equally critical for sustained use in real research environments. 
PHYSBO is a Bayesian optimization library designed to address these needs by enabling optimization over user-
defined candidate pools and by supporting domain-specific problem settings.
 This paper presents the major updates introduced in PHYSBO versions 2 and 3, with a focus on improvements 
in usability, portability, and practical deployment rather than on new optimization algorithms. In PHYSBO ver-
sion 2, the software license was changed from GPL to MPL to improve compatibility with a wider range of re-
search and software ecosystems. Building on this revision, PHYSBO version 3 introduces a set of implementation-
oriented updates aimed at improving usability and portability, without modifying the core optimization algo-
rithms. These updates include improvements in computational performance and scalability, extended support 
for multi-objective optimization, the introduction of range-based policies for continuous-variable optimization, 
the removal of environment-dependent components such as tightly coupled Cython modules, and compatibility 
with NumPy 2.
 These improvements reduce the technical and organizational burden on users, enabling PHYSBO to be de-
ployed across diverse computing environments and research workflows. By emphasizing portability and ease of 
integration while maintaining sufficient performance, PHYSBO version 3 is positioned as a sustainable research 
infrastructure for Bayesian optimization in physics and materials science.

 Program summary/new version program summary
 Program Title: PHYSBO
 CPC Library link to program files: https://doi.org/10.17632/22d72yb6k6.2
 Developer’s repository link: https://github.com/issp-center-dev/PHYSBO
 Licensing provisions: MPL-2.0
 Programming language: Python
Journal reference of previous version: Y. Motoyama et al., Computer Physics Communications 278 (2022) 108405.
Does the new version supersede the previous version?: Yes
Reasons for the new version: PHYSBO version 3 was developed to improve usability, portability, and long-term 
sustainability in real research environments. While previous versions provided efficient Bayesian optimization 
for discrete candidate spaces, practical use revealed limitations related to software environment dependency, 
restricted support for continuous and multi-objective optimization, and licensing constraints that hindered in-
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tegration into larger workflows. The new version addresses these issues to enable broader and more flexible 
deployment.
Summary of revisions: Major updates in PHYSBO version 3 include improvements in computational performance 
and scalability, enhanced support for multi-objective optimization, and the introduction of range-based policies 
for continuous-variable optimization. Environment-dependent components such as tightly coupled Cython mod-
ules have been removed, and compatibility with NumPy 2 has been added. In addition, the software license has 
been changed from GPL to MPL to facilitate easier integration into diverse research workflows.
Nature of problem: Optimization problems in physics and materials science often involve expensive objective 
function evaluations, such as first-principles calculations, large-scale simulations, or experimental measurements. 
Bayesian optimization is a powerful approach for reducing the number of evaluations required to identify optimal 
parameters. However, practical application of Bayesian optimization in research settings faces several challenges, 
including scalability to large search spaces, handling of multiple competing objectives, representation of continu-
ous design variables, and software environment compatibility. In addition, researchers often need to incorporate 
domain-specific constraints and prior knowledge into the optimization process, which is not always supported 
by generic optimization frameworks.
Solution method: PHYSBO provides a Bayesian optimization framework tailored to physics and materials sci-
ence applications. It supports optimization over user-defined candidate pools as well as range-based policies that 
enable direct optimization over continuous variables. PHYSBO version 3 extends support for multi-objective opti-
mization using established approaches such as scalarization and non-dominated sorting. The software is designed 
to balance computational efficiency with practical usability by minimizing environment-dependent components 
and ensuring compatibility with modern numerical libraries. These design choices allow PHYSBO to be easily 
integrated into simulation and experimental workflows while maintaining sufficient performance for real-world 
optimization tasks.
Additional comments including restrictions and unusual features: PHYSBO is intended for use as a research library 
and can be imported into larger software frameworks and workflows. The adoption of the MPL license in version 
3 reduces potential legal barriers associated with library usage and facilitates industry-academia collaboration. 
Performance-critical components are implemented to ensure practical efficiency, while prioritizing portability 
and ease of installation. PHYSBO does not impose restrictions on the form of objective functions, allowing users 
to integrate arbitrary external simulation or experimental codes.

1. Introduction

Bayesian optimization (BO) has become an essential tool for accel-
erating materials and physics research, where objective function eval-
uations are often expensive and time-consuming [1–3]. Typical appli-
cations include parameter optimization for first-principles calculations 
and large-scale simulations, as well as experimental design, where each 
evaluation entails substantial computational or experimental costs. In 
such settings, the practical usability of BO libraries is as important as 
their algorithmic performance.

PHYSBO is a BO library engineered for applications in physics and 
materials science [4]. A defining feature of PHYSBO is its ability to per-
form optimization over a predefined, discrete candidate pool, allow-
ing researchers to seamlessly incorporate domain-specific knowledge, 
such as chemical intuition, physical constraints, and experimental lim-
itations, into the exploration process. While this design is particularly 
advantageous for physics and materials science, the underlying frame-
work is not restricted to these domains and can be applied more broadly 
to discrete and constrained optimization problems in various scientific 
and engineering fields, where evaluations are costly and prior knowl-
edge is essential. This flexibility distinguishes it from generic BO frame-
works that often struggle to integrate such nuanced priors. Furthermore, 
PHYSBO is designed to require minimal manual hyperparameter tuning, 
aiming for robust performance with little user intervention.

The library’s utility is evidenced by its successful application in var-
ious areas, ranging from simulation-based atomic configuration explo-
ration [5] and the discovery of next-generation magnetic materials [6] 
to the design of thermal metamaterials [7]. Its efficacy extends to a 
broad range of experimental domains as well, notably in the devel-
opment of electrocatalysts [8], superconducting materials [9], polymer 
composites [10,11], drug discovery [12], antimicrobial peptides [13], 
quantum chemistry calculations [14], estimation of the exciton Hamil-
tonian [15], and fish feed [16]. Beyond these specific applications, 
PHYSBO has also been integrated into general-purpose data-driven 
frameworks such as 2DMAT [17], where it is employed for efficient 
parameter optimization in experimental and data-analysis workflows. 

More recently, as the paradigm of self-driving laboratories [18–20] gains 
momentum, PHYSBO has been adopted as the core optimization en-
gine within the NIMO library [21], serving as the “algorithmic brain” 
for various autonomous experimental systems [22–25]. Furthermore, 
PHYSBO has been explored in community-driven events such as the 
AIMHack2024 hackathon, where researchers from materials science, in-
formation science, and related fields engaged in collaborative projects 
involving data-driven optimization workflows, highlighting its accessi-
bility and practical utility beyond conventional research settings [26].

However, as PHYSBO has been increasingly used in real research 
environments, several limitations have become apparent. The current 
framework faces significant technical and strategic challenges, includ-
ing a heavy reliance on specific environments like Cython and scalabil-
ity bottlenecks during large-scale multi-objective optimization. While 
PHYSBO was originally centered on the paradigm of candidate pool-
based optimization, there is an increasing demand for a unified tool 
capable of handling continuous design variables, thereby eliminating 
the operational overhead of switching to other software such as GPyOpt 
or Optuna. Furthermore, long-term sustainability and broader adoption 
have been constrained by compatibility issues with evolving numerical 
libraries and restrictive licensing conditions that limit its utility in indus-
trial and collaborative environments. PHYSBO version 3 was developed 
to address these challenges, with a primary focus on improving usability, 
portability, and practical deployability, rather than introducing funda-
mentally new optimization algorithms. The updates include improve-
ments in computational performance and scalability, enhanced support 
for multi-objective optimization, the introduction of range-based poli-
cies for continuous-variable optimization, the removal of environment-
dependent components such as tightly coupled Cython modules, com-
patibility with NumPy 2, and a change of software license from GPL 
to MPL. The supporting evidence for these advantages is presented in 
the corresponding sections: the portability improvements are quantified 
in Section 3, and the scalability of the new multi-objective methods is 
benchmarked in Section 4 (Fig. 5).

In this paper, we present an overview of the major updates in-
troduced in PHYSBO version 3 (3.2.1 released on 2026-02-06) and
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discuss their impact on practical research workflows. Rather than fo-
cusing solely on algorithmic details, we emphasize how these changes 
reduce the burden on users and enable more flexible and sustainable use 
of BO in real-world physics and materials research.

2. License change: from GPL to MPL

Software licensing plays an important role in determining how re-
search software can be used, integrated, and redistributed in practical 
research environments. Earlier versions of PHYSBO version 1 were dis-
tributed under the GNU General Public License (GPL), which ensures 
strong copyleft protection but can introduce limitations when the soft-
ware is combined with other codes or libraries. In particular, the use of 
GPL-licensed software may cause concerns when PHYSBO is imported 
as a library into larger software frameworks or workflows. In some 
cases, simply importing a GPL-licensed package can raise legal or or-
ganizational issues, especially in collaborative projects involving indus-
trial partners or mixed-license codebases. These concerns can hinder 
the adoption of otherwise useful research software, even when it is used 
purely as a dependency rather than as a standalone application.

To address these issues, PHYSBO version 2 adopted the Mozilla Pub-
lic License (MPL). MPL provides a file-level copyleft mechanism that 
preserves openness of modifications to PHYSBO itself, while allowing 
the library to be imported and used within broader software ecosystems 
under different licenses. This change significantly improves compati-
bility with other scientific software and reduces potential legal barriers 
associated with library usage. The license change reflects a broader shift 
in the design philosophy of PHYSBO toward practical and sustainable 
deployment as a research infrastructure.

3. Software portability: removing environment dependency

In practical research environments, software portability and ease of 
installation are critical factors that strongly affect the usability of numer-
ical optimization libraries. In earlier versions of PHYSBO, performance-
critical components were implemented using Cython to accelerate Gaus-
sian process–based computations. While this approach reduced com-
putational overhead, it also introduced significant environment de-
pendencies. In particular, building Cython extensions required specific 
compiler settings and library versions, which often caused installa-
tion difficulties on certain platforms, including Windows systems and 
heterogeneous high-performance computing environments. Such build- 
and environment-dependencies are a widely recognized obstacle to the 
portability and reproducibility of scientific software [27,28].

In PHYSBO version 3, this tight coupling between the core library 
and Cython-based implementations has been removed. The core func-
tionality of PHYSBO is now provided as a pure Python package by de-
fault, eliminating the need for platform-specific compilation steps. As 
a result, installation is significantly simplified, and the library can be 
used more reliably across diverse research environments. Concretely, 
version 3 no longer requires a C/C++ compiler or the Cython build 
toolchain at installation: the core library installs as a pure-Python pack-
age whose only runtime dependencies are NumPy and SciPy, runs un-
der Python 3.9 or later, and is compatible with both NumPy 1.x and 
NumPy 2.x. The number of non-Python, build-time dependencies is 
thereby reduced to zero, removing the platform-specific compilation 
step that was a frequent source of installation failures in earlier versions. 
The performance-critical parts previously implemented with Cython are 
further revised using vectorized NumPy arithmetic operations to keep 
the surrogate-model computations efficient. For typical Bayesian op-
timization workflows, in which the overall optimization cost is usu-
ally dominated by the objective-function evaluations rather than by the 
surrogate-model updates, the pure Python implementation is expected 
to remain sufficient for practical applications.

Another important update in PHYSBO version 3 is compatibility 
with NumPy 2.0 and later versions. As the Python scientific ecosys-

tem evolves, maintaining compatibility with modern numerical libraries 
is essential for long-term sustainability. By supporting NumPy 2.0, 
PHYSBO can be seamlessly integrated into contemporary Python envi-
ronments without relying on legacy configurations.
4. New multi-objective optimization methods

4.1. Multi-objective optimization problems and their scalarization

When multiple objective functions are to be optimized simultane-
ously, it is generally impossible to improve all objectives at once, and 
trade-offs among them inevitably arise. Such trade-offs are character-
ized by the concept of the Pareto front.

Let 𝒚𝑖 = (𝑦𝑖,1,… , 𝑦𝑖,𝑝) and 𝒚𝑗 = (𝑦𝑗,1,… , 𝑦𝑗,𝑝) denote objective vectors 
for two candidate points 𝒙𝑖 and 𝒙𝑗 , where all objectives are assumed to 
be maximized. We say that 𝒚𝑖 dominates 𝒚𝑗 if
∀𝑎 𝑦𝑖,𝑎 ≥ 𝑦𝑗,𝑎 and ∃𝑎 𝑦𝑖,𝑎 > 𝑦𝑗,𝑎. (1)

A candidate solution is said to be Pareto-optimal if it is not domi-
nated by any other solution in the dataset. The set of all Pareto-optimal 
solutions forms the Pareto front, which represents the optimal trade-offs 
among competing objectives. Given a Pareto front {𝒚P𝑖 } and a reference 
point 𝒚ref , the dominated region is defined as the union of hyperrectan-
gles

Ω𝑖 =
𝑝
∏

𝑎=1

[

𝑦ref𝑎 , 𝑦P𝑖,𝑎
]

. (2)

The hypervolume (HV) of the dominated region is commonly used as a 
performance metric to quantitatively assess the quality of a Pareto front.

In previous versions of PHYSBO, a separate surrogate model is con-
structed for each objective, and candidate points are selected by max-
imizing acquisition functions based on the hypervolume, such as the 
hypervolume probability of improvement (HVPI) and the expected hy-
pervolume improvement (EHVI). However, the computational cost of 
hypervolume calculation grows exponentially with the number of ob-
jectives, which can become a significant bottleneck in practical ap-
plications. To address this issue, an alternative approach is to scalar-
ize multiple objectives into a single objective function 𝑧𝑖 and perform 
Bayesian optimization on this transformed objective. PHYSBO version 
3 implements another Policy class based on this approach, physbo.
search.discrete_unified.Policy. This class has a similar interface 
with the existing multi-objective policy, physbo.search.discrete_
multi.Policy. The main difference is that the discrete_unified.
Policy.bayes_search method takes an extra argument, unify_method, 
to specify the scalarization strategies for calculating 𝑧𝑖 from 𝑦𝑖,𝑎. In the 
present version of PHYSBO, we implement two such scalarization strate-
gies: ParEGO and non-dominated sorting (NDS).
4.2. ParEGO

Pareto Efficient Global Optimization (ParEGO) is a scalarization-
based approach for multi-objective Bayesian optimization, originally 
proposed by Knowles [29]. The key idea is to transform a 𝑝-objective 
optimization problem into a sequence of single-objective problems by 
means of randomized scalarization.

Let 𝒚𝑖 = (𝑦𝑖,1, 𝑦𝑖,2,… , 𝑦𝑖,𝑝) denote the vector of objective values eval-
uated at design point 𝒙𝑖. ParEGO constructs a scalar objective function 
𝑧𝑖 from 𝒚𝑖 as

𝑧𝑖 = 𝜌sum
𝑝
∑

𝑎=1
𝑤𝑎𝑦𝑖,𝑎 + 𝜌min min

𝑎

(

𝑤𝑎𝑦𝑖,𝑎
)

, (3)

where 𝒘 = (𝑤1,… , 𝑤𝑝) is a weight vector satisfying 
∑

𝑎 𝑤𝑎 = 1, and 𝜌sum
and 𝜌min are hyperparameters that control the relative contributions of 
the weighted sum term and the weighted Chebyshev term, respectively1.

1 It should be noted that min𝑎 is used in the weighted Chybyshev term here 
while max𝑎 was used in the original form because PHYSBO maximizes 𝑧𝑖 while 
Knowles minimized.
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In PHYSBO, the weight vector 𝒘 is either randomly sampled at each 
Bayesian optimization step or generated from a discretized simplex. 
Each objective 𝑦𝑖,𝑎 is normalized using the minimum and maximum val-
ues observed in the current training data, so that all objectives con-
tribute on a comparable scale. The resulting scalar objective 𝑧𝑖 is then 
modeled using Gaussian process regression, and standard acquisition 
functions such as expected improvement (EI) are applied. By repeatedly 
changing the weight vector 𝒘 across optimization steps, ParEGO implic-
itly explores different trade-offs among objectives and enables efficient 
approximation of the Pareto front, while avoiding the high computa-
tional cost associated with directly optimizing multi-objective acquisi-
tion functions such as hypervolume improvement.

In PHYSBO version 3, ParEGO is implemented as
physbo.search.unify.ParEGO, and can be used through the uni-
fied multi-objective policy without modifying the underlying Bayesian 
optimization workflow.

4.3. NDS

Non-dominated sorting (NDS) is a fundamental technique in multi-
objective optimization for classifying candidate solutions according to 
Pareto dominance relations. Unlike ParEGO, which relies on random-
ized scalarization of objective values, NDS does not introduce addi-
tional scalarization weights. Instead, it directly exploits dominance re-
lations among objective vectors, making it particularly suitable for post-
analysis and interpretation of multi-objective optimization results. NDS 
assigns a rank 𝑟𝑖 to each solution 𝑖 by recursively identifying Pareto 
fronts. All non-dominated points in the current dataset are assigned rank 
𝑟𝑖 = 1, corresponding to Pareto-optimal solutions. After removing these 
points, the non-dominated points of the remaining set are assigned rank 
𝑟𝑖 = 2. This procedure is iterated with increasing rank values 𝑟𝑖 = 3, 4,…
until the entire set of candidate solutions is exhaustively partitioned. 
In this manner, NDS decomposes the solution set into a sequence of 
Pareto fronts and provides an ordinal measure of the relative quality 
of candidate solutions. The rank obtained by NDS is converted into a 
scalar objective value as 𝑧𝑖 = 1∕𝑟𝑖, which is maximized in the subse-
quent Bayesian optimization procedure. In this formulation, solutions 
on better Pareto fronts are assigned larger objective values, allowing 
multi-objective optimization to be reduced to a single-objective prob-
lem while preserving Pareto dominance information.

In PHYSBO version 3, NDS is implemented as
physbo.search.unify.NDS, where the maximum rank used for 
scalarization can be controlled by the user. For points 𝑖 with rank larger 
than this maximum, 𝑧𝑖 is set to 0.

4.4. Numerical example

In the following, we present benchmark results comparing ParEGO 
and NDS with an existing method, HVPI, using three test functions: VL-
MOP2, KYMN, and Gaussians. 2 3

4.4.1. VLMOP2 benchmark
We first consider the VLMOP2 benchmark problem [31,32], which 

is widely used to evaluate multi-objective optimization algorithms. In 
this problem, a solution 𝒙 = (𝑥1, 𝑥2) ∈ ℝ2 is evaluated by two objective 
functions

𝑦1(𝒙) = 1 − exp
⎡

⎢

⎢

⎣

−
2
∑

𝑖=1

(

𝑥𝑖 −
1
√

2

)2
⎤

⎥

⎥

⎦

, (4)

2 All the scripts used in this paper are available from ISSP data repository [30].
3 These benchmarks were performed on Supercomputer System C (kugui) of 

the Institute for Solid State Physics, the University of Tokyo (AMD EPYC 7763, 
2.45GHz, 64 × 2 cores).

𝑦2(𝒙) = 1 − exp
⎡

⎢

⎢

⎣

−
2
∑

𝑖=1

(

𝑥𝑖 +
1
√

2

)2
⎤

⎥

⎥

⎦

. (5)

These objectives attain their minimum values of 0 at 
𝒙 = (±1∕

√

2,±1∕
√

2), respectively, and are bounded above by 1. 
Since PHYSBO assumes a maximization setting, the optimization is 
performed on the negated objectives,

𝒚̃(𝒙) =
(

−𝑦1(𝒙),−𝑦2(𝒙)
)

,

so that larger values correspond to Pareto-improving solutions. Fig. 1 
visualizes the two objective functions over the two-dimensional design 
space [−2, 2] × [−2, 2]. Each objective exhibits a single smooth basin 
with its maximum located near (±1∕

√

2,±1∕
√

2), and the two optima 
are spatially separated. As a result, improving one objective necessar-
ily degrades the other, giving rise to a smooth and continuous Pareto
front.

The input space is discretized on a two-dimensional domain [−2, 2] ×
[−2, 2], and a Cartesian grid with 101 points per dimension is used, yield-
ing 10,201 candidate solutions. Bayesian optimization is carried out with 
an initial 10 random sampling steps4 followed by 40 optimization steps 
using either HVPI, NDS-based unification with 𝑟max = 10, or ParEGO-
based scalarization with 𝜌max = 1 and 𝜌sum = 0.05. Fig. 2 compares the 
Pareto fronts obtained by the three methods. HVPI achieves the largest 
dominated hypervolume5 (HV = 0.3285), indicating the most extensive 
coverage of the smooth and continuous Pareto front. However, this per-
formance comes at the cost of the longest computation time. In con-
trast, the NDS-based approach attains a comparable hypervolume (HV 
= 0.3092) while reducing the computational time by more than a factor 
of two. ParEGO exhibits the shortest computation time, but its Pareto 
front is sparse, resulting in a smaller hypervolume (HV = 0.3074). These 
results indicate that, for this benchmark with a smooth and continuous 
Pareto front, NDS provided an efficient alternative to HVPI by balancing 
solution quality and computational cost.

4.4.2. Kita–Yabumoto–Mori–Nishikawa benchmark
We next consider the Kita–Yabumoto–Mori–Nishikawa (KYMN) 

benchmark problem [33], which is a constrained bi-objective optimiza-
tion problem originally proposed to test multi-objective algorithms un-
der nonlinear feasibility conditions. In this problem, a solution 𝒙 =
(𝑥1, 𝑥2) ∈ ℝ2 is evaluated by two objective functions

𝑦1(𝑥1, 𝑥2) = −𝑥21 + 𝑥22, (6)

𝑦2(𝑥1, 𝑥2) = 0.5𝑥1 + 𝑥2 + 1, (7)

subject to the inequality constraints

𝑔1(𝑥1, 𝑥2) = 6.5 −
𝑥1
6

− 𝑥2 ≥ 0, (8)

𝑔2(𝑥1, 𝑥2) = 7.5 −
𝑥1
2

− 𝑥2 ≥ 0, (9)

𝑔3(𝑥1, 𝑥2) = 30 − 5𝑥1 − 𝑥2 ≥ 0. (10)

All objectives are maximized within the feasible region defined by these 
constraints. Fig. 3 visualizes the two objective functions over the design 
space. Unlike the VLMOP2 benchmark, both objective functions vary al-
most monotonically along different directions in the design space, and 
the feasible region is strongly restricted by the constraints. As a conse-
quence, the set of feasible Pareto-optimal solutions occupies a narrow 
and irregular region in the objective space.

The candidate set is generated by discretizing the design space 
[−7, 4] × [−7, 4] on a two-dimensional grid, while excluding points that 

4 It should be noted that common random samples are used for all three meth-
ods.
5 The reference point of the dominated region is 𝒚ref = (−1,−1).
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Fig. 1. Objective function landscapes of the VLMOP2 benchmark. Left: −𝑦1(𝑥1, 𝑥2). Right: −𝑦2(𝑥1, 𝑥2). The two objectives attain their maxima at different locations 
in the design space, inducing a trade-off between them.

Fig. 2. Pareto front comparison for the VLMOP2 benchmark. Panels (a), (b), and (c) show the results obtained with HVPI, NDS, and ParEGO, respectively. Blue 
points denote evaluated solutions, while orange markers indicate the non-dominated solutions; a legend identifying the two marker types is shown in panel (a). HVPI 
yields the most complete coverage of the Pareto front, NDS provides a competitive approximation at a significantly lower computational cost, and ParEGO produces 
a sparse set of trade-off solutions.

Fig. 3. Objective function landscapes of the Kita–Yabumoto–Mori–Nishikawa (KYMN) benchmark. Left: 𝑦1(𝑥1, 𝑥2). Right: 𝑦2(𝑥1, 𝑥2). The feasible region is implicitly 
restricted by nonlinear inequality constraints, leading to a highly constrained optimization landscape.

violate the constraints. Bayesian optimization is performed using the 
same protocol as in the VLMOP2 experiments, namely an initial 10
random sampling steps followed by 40 optimization steps based on ei-
ther HVPI, NDS-based unification, or ParEGO-based scalarization. Fig. 4 
compares the Pareto fronts obtained by the three methods. In contrast 
to the smooth Pareto front of VLMOP2, the KYMN benchmark yields a 
fragmented and highly nonconvex Pareto front. In this constrained set-
ting, both NDS and ParEGO outperform HVPI in terms of the dominated 
hypervolume.6 ParEGO achieves the largest hypervolume (HV = 977.4), 
closely followed by NDS (HV = 970.8), while HVPI yields a smaller value 

6 The reference point of the dominated region is 𝒚ref = (−56.0,−9.5).

(HV = 932.1). From a computational perspective, both NDS and ParEGO 
require less than half the runtime of HVPI. These results demonstrate 
that, for this constrained benchmark with an irregular and nonconvex 
Pareto front, the unification-based approaches NDS and ParEGO pro-
vided more efficient and effective exploration than direct hypervolume-
based optimization.

Together, the VLMOP2 and KYMN benchmarks highlight how the 
structure of the objective landscape and the presence of constraints crit-
ically affect the relative performance of multi-objective optimization 
strategies.

These observations, although based on two benchmarks, suggest the 
regime in which each approach may be preferable. HVPI directly maxi-
mizes the dominated hypervolume and tended to be most effective when 
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Fig. 4. Pareto front comparison for the Kita–Yabumoto–Mori–Nishikawa (KYMN) benchmark. Panels (a), (b), and (c) show the results obtained with HVPI, NDS, 
and ParEGO, respectively. Blue points denote evaluated solutions, and orange markers indicate the non-dominated solutions; a legend identifying the two marker 
types is shown in panel (a). ParEGO concentrates sampling on a narrow feasible Pareto-optimal region, whereas NDS yields a broader distribution of near-Pareto 
solutions. HVPI exhibits higher computational cost and reduced coverage in this constrained scenario.

the Pareto front is smooth, convex, and continuous, so that a single 
acquisition function captures the entire trade-off, as in the VLMOP2 
benchmark. In this regime, and in particular when the number of objec-
tives is small and the candidate set is not large, the hypervolume-based 
acquisition functions (HVPI, EHVI) remain affordable and are a natu-
ral choice. When, however, the feasible region is strongly constrained 
and the Pareto front is fragmented and nonconvex, as in the KYMN 
benchmark, the hypervolume-based acquisition becomes both more ex-
pensive and less effective at covering the disconnected feasible pieces, 
whereas the scalarization-based methods—ParEGO through its random-
ized weight vectors and NDS through its rank-preserving reduction—
sample the feasible front more broadly and outperform HVPI. More-
over, as the number of objectives increases, the cost of the hypervol-
ume computation grows exponentially while that of NDS and ParEGO 
remains essentially constant (Section 4.4.3), so that the scalarization-
based methods become the more practical option for many-objective
problems.

The scalarization-based methods do introduce additional hyperpa-
rameters, which could in principle increase the tuning burden. In our 
experiments, however, this burden appears limited. NDS introduces no 
scalarization weights and only a single, interpretable integer parame-
ter, the maximum rank 𝑟max (the number of Pareto layers retained), 
which we fixed to 𝑟max = 10 in all benchmarks. For ParEGO we adopt 
the values of 𝜌min and 𝜌sum recommended by Knowles [29], and the 
sensitivity analysis presented below (Section 4.4.4) shows that this de-
fault performs well on both benchmarks considered here: the hyper-
volume is essentially independent of the hyperparameters on the con-
strained KYMN problem, while on VLMOP2 the default is among the 
best-performing settings. Although the most suitable settings may ulti-
mately depend on the specific problem, these observations suggest that 
the recommended default can be used as a sensible starting point with-
out extensive problem-specific tuning, so that the additional hyperpa-
rameters introduce only a modest overhead relative to the gains in ef-
ficiency and coverage for constrained, nonconvex, or many-objective 
problems. 

4.4.3. Computational time
Next, we consider a set of Gaussian objective functions to examine 

how the computational cost scales with the number of objectives. The 
optimization problem is defined as

𝑦𝑎(𝒙) = exp

[

−
‖𝒙 − 𝝁𝑎‖

2
2

2𝜎2𝑎

]

, (11)

where 𝝁𝑎 =
[

cos 𝜃𝑎, sin 𝜃𝑎
]T denotes the center and 𝜎𝑎 the width of the 

𝑎th objective function. In this benchmark, the centers and widths are 
randomly generated as
𝜃𝑎 ∼ 𝑈 (0, 2𝜋), (12)

𝜎𝑎 ∼ 𝑈 (0.5, 1.0), (13)

where 𝑈 (𝑙, ℎ) denotes the uniform distribution over the semi-closed in-
terval [𝑙, ℎ). The input space [−2, 2] × [−2, 2] is discretized into 101 × 101
grid points.

As in the previous benchmarks, we first perform 10 random sampling 
steps for initialization and then measure the computational time over 40 
Bayesian optimization steps. To reduce the effect of the computational 
environment and random seeds, we conduct 10 independent trials, in 
which the centers and widths are regenerated. For a fair comparison 
among the three methods, the centers {𝝁𝑎}, widths {𝜎𝑎}, and the points 
{𝒙𝑖} selected in the initial random sampling are identical for all methods 
within each trial.

Fig. 5 shows the mean and standard deviation of the computational 
time over 10 independent trials. As the number of objective functions 
increases, the computational costs of NDS and ParEGO remain almost 
constant, whereas that of HVPI grows exponentially. This exponen-
tial growth mainly originates from the computation of the hypervol-
ume of the dominated region, which is required in the HVPI and EHVI
methods.

4.4.4. Sensitivity to the ParEGO hyperparameters
Finally, to justify the choice of the ParEGO hyperparameters and to 

characterize their influence, we performed a sensitivity analysis on the 
VLMOP2 and KYMN benchmarks. Using the same protocol as above (10 
random sampling steps followed by 40 Bayesian optimization steps), 
we varied 𝜌min ∈ {0.5, 1.0, 2.0} and 𝜌sum ∈ {0, 0.01, 0.05, 0.1, 0.25, 0.5, 1.0}. 
Because all settings share the same random seeds—and hence the same 
initial random samples—we ran 20 independent seeds and, in addition 
to the mean hypervolume, computed for each setting the paired per-seed 
difference relative to the default (𝜌min = 1, 𝜌sum = 0.05) together with its 
(pointwise, unadjusted) 95% confidence interval (CI); a setting whose CI 
excludes zero is taken as significantly different from the default at the 
pointwise level.

Fig. 6 shows the hypervolume relative to the default (the per-seed ratio 
to the default setting, averaged over the shared seeds, so that the default 
lies at 1) as a function of 𝜌sum for each value of 𝜌max, with standard-error-
of-the-mean error bars and a symmetric-log horizontal scale so that the 
small 𝜌sum values are resolved; the dashed vertical line marks the de-
fault 𝜌sum = 0.05. The two benchmarks behave differently. On VLMOP2 
(left) the default is a near-optimal choice: no setting yields a significantly 
larger hypervolume, and settings with small 𝜌sum ≤ 0.05 are statistically 
indistinguishable from the default (their paired 95% CIs include zero), 
whereas settings with large 𝜌sum∕𝜌min ≥ 0.25 are significantly worse, by 
up to about 40% (the intermediate value 𝜌sum = 0.1 is borderline). On the 
strongly constrained KYMN problem (right), by contrast, the hypervol-
ume is practically insensitive to both hyperparameters: the grid-mean 
spread is only 0.07% of the default value, so that even the differences 
that are statistically resolvable are negligible in magnitude. This weak 
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Fig. 5. Dependence of the computational time for 40 Bayesian optimization steps on the number of objective functions 𝑝 for each method. The mean and standard 
deviation over 10 independent runs are shown. The left panel shows all three methods (HVPI, NDS, and ParEGO), while the right panel is an enlarged view of the 
left panel showing only the NDS and ParEGO results, whose execution time remains nearly constant as 𝑝 increases.

Fig. 6. Sensitivity of the ParEGO hypervolume to the scalarization hyperparameters 𝜌min and 𝜌sum for the VLMOP2 (left) and KYMN (right) benchmarks. The vertical 
axis is the hypervolume relative to the default (𝜌min = 1, 𝜌sum = 0.05), computed per shared random seed and averaged over 20 seeds, so that the default lies exactly at 
1 (horizontal line); the error bars denote the standard error of this mean ratio, and the horizontal axis uses a symmetric-log scale so that the small 𝜌sum values are 
resolved. The dashed vertical line marks the default 𝜌sum = 0.05. With the two benchmarks on a common relative scale the contrast is clear: on VLMOP2 the default is 
near-optimal and the hypervolume degrades by up to about 40% for large 𝜌sum, whereas on KYMN the hypervolume is practically independent of the hyperparameters 
(all settings within 0.07% of the default).

Fig. 7. Bayesian optimization in a continuous parameter space using the range policy of PHYSBO. (a) Objective function landscape 𝑓 (𝒙) = −‖𝒙‖2 over [−2, 2] × [−2, 2]. 
(b) Locations of evaluated points during optimization, showing adaptive concentration near the optimum. (c) Optimization progress in terms of the best-so-far objective 
value using the expected improvement (EI) acquisition function.

dependence is likely a consequence of the problem structure: the feasible 
Pareto-optimal region is narrow and tightly constrained, so that differ-
ent scalarizations converge to nearly the same few solutions, and the 
large hypervolume baseline set by the distant reference point further 
compresses the relative differences. Taken together, these results sup-
port the use of the recommended default as a robust, near-optimal start-
ing point: on both benchmarks it is never outperformed by a practically 
meaningful margin, and the only clear guidance is to keep 𝜌sum small, 
as originally recommended by Knowles [29], rather than to tune it pre-
cisely for each problem. This supports the reproducibility of the reported
results. 

5. Range policy

5.1. Motivation and design concept

In many optimization problems encountered in physics and mate-
rials science, decision variables are naturally expressed as continuous 
parameters rather than elements of a finite, predefined candidate pool. 
While earlier versions of PHYSBO focused on optimization over dis-
crete candidate sets, such an approach can impose a significant bur-
den on users when the search space is high-dimensional or inherently
continuous.
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To address this limitation, PHYSBO introduces the range policy, 
which provides a unified framework for exploring continuous parameter 
spaces defined by lower and upper bounds. The range policy is initial-
ized by explicitly providing these bounds, for example, as

policy = physbo.search.range.Policy(min_X=min_X, max_X=max_X)

where min_X and max_X have the same dimensionality and collectively 
define a hyper-rectangular domain in the continuous parameter space. 
Instead of requiring users to discretize the search space in advance, the 
range policy allows optimization problems to be formulated directly in 
terms of parameter ranges. This design significantly reduces problem 
setup complexity and aligns more naturally with typical formulations of 
simulation and experimental parameters.

In Bayesian optimization, the next candidate point is proposed by 
maximizing an acquisition function, which itself constitutes an auxiliary 
maximization problem that must be solved at every iteration. In the case 
of a discrete search space, this problem can be solved straightforwardly 
by evaluating the acquisition function over all remaining points in the 
candidate pool and selecting the maximizer. In contrast, for a continuous 
search space, an additional numerical optimization solver is required to 
maximize the acquisition function.

The range.Policy.bayes_search function in PHYSBO is designed 
to accept a user-specified optimization routine for acquisition function 
maximization, allowing the optimization strategy to be flexibly chosen. 
The current version of PHYSBO provides some optimizers as described 
in the following subsections. For example, the optimizer by random sam-
pling is initialized as
optimizer = physbo.search.optimize.random.Optimizer(min_X, max_X, nsamples)

and passed to bayes_search as
res = policy.bayes_search(optimizer=optimizer)

As well as the single-objective problem, the multi-
objective versions of the range solver are implemented as
physbo.search.range_multi.Policy and physbo.search.range_
unified.Policy.

The range policy enhances the usability of PHYSBO by decoupling 
the definition of the search space from the choice of optimization algo-
rithm. Users can define parameter ranges once and flexibly apply differ-
ent search strategies without restructuring their workflows.

5.2. Random sampling

In PHYSBO, random search is employed as the default strategy 
for acquisition function optimization: a fixed number of candidate 
points is sampled uniformly at random within the predefined param-
eter ranges, and the point that maximizes the acquisition function 
value is selected. By default, the number of random samples used for 
acquisition optimization is set to nsamples = 1000, which provides 
a balance between robustness and computational cost. The value of
nsamples can be adjusted by explicitly specifying a random optimizer 
via physbo.search.optimize.random.Optimizer and passing it to the
optimizer keyword of the bayes_search function. This configurabil-
ity allows users to tune the trade-off between exploration accuracy and 
computational overhead according to the problem size and available 
computational resources.

As an initialization step for optimization under the range policy, the 
default exploration strategy is random sampling within the specified pa-
rameter ranges. Users define the continuous search space by specifying 
the lower and upper bounds for each parameter through the vectors
min_X and max_X. Each element of these vectors corresponds to one di-
mension of the search space and represents the minimum and maximum 
allowable values of the associated parameter.

Random sampling provides an efficient and unbiased initial explo-
ration when little prior information about the objective function is avail-
able, while ensuring broad coverage of the search space with minimal 

user intervention. This choice reflects common practices in the design 
of experiments, where an initial random or space-filling sampling phase 
is used to gather information before applying more sophisticated opti-
mization methods.

5.3. A wrapper of another optimization solver library, ODAT-SE

ODAT-SE (Open Data Analysis Tool for Science and Engineer-
ing) [17,34] is a Python framework for solving optimization problems 
with several algorithms:

• exchange: replica exchange Monte Carlo, effective for rugged or mul-
timodal landscapes [35].

• pamc: population annealing Monte Carlo, enabling efficient explo-
ration of complex parameter spaces [36].

• minsearch: the Nelder–Mead simplex method, suitable for smooth 
objective functions [37,38].

• mapper: grid-based search providing systematic coverage and high 
reproducibility.

• bayes: Bayesian optimization based on surrogate modeling and ac-
quisition functions.

PHYSBO provides an optimizer class wrapping ODAT-SE as 
physbo.search.optimize.odatse.Optimizer. In practical workflows 
using ODAT-SE, the optimization algorithm is explicitly specified 
by the variable algorithm_name, and the algorithm’s hyperparam-
eters like the number of Monte Carlo samplings are described us-
ing a dictionary representation equivalent to the [algorithm] sec-
tion of the ODAT-SE input file. PHYSBO provides a utility function,
physbo.search.optimize.odatse.default_alg_dict, which gener-
ates a template dictionary with default hyperparameters for the selected 
algorithm. For example, a dictionary representing the default settings 
for the replica exchange Monte Carlo method can be obtained as
odatse_alg_dict = physbo.search.optimize.odatse.default_alg_dict(
    min_X=min_X, max_X=max_X, algorithm_name="exchange"
)

and users can modify parameters as they want. This design enables 
seamless switching between optimization strategies by modifying only 
the value of algorithm_name, while keeping the search space definition 
unchanged. Once the parameter dictionary is prepared, an optimizer is 
initialized as
optimizer = physbo.search.optimize.odatse.Optimizer(odatse_alg_dict)

and then passed to a range policy in the same way as the random sam-
pling.

5.4. Numerical example

We demonstrate Bayesian optimization in a continuous parameter 
space using the range policy of PHYSBO, following the implementation 
shown in the accompanying sample code. As a simple yet illustrative 
example, we consider the optimization of a smooth two-dimensional 
objective function
𝑓 (𝒙) = −‖𝒙‖2, 𝒙 = (𝑥1, 𝑥2) ∈ ℝ2, (14)

which has a unique maximum at 𝒙 = (0, 0) and represents a typical 
single-basin energy landscape encountered in physics and materials sci-
ence. The objective function landscape over the domain [−2, 2] × [−2, 2]
is shown in Fig. 7(a). The function value decreases smoothly away from 
the origin, providing a well-behaved test case for continuous Bayesian 
optimization.

The continuous search space is specified by lower and upper bounds 
for each parameter, and the range policy is initialized accordingly. An 
initial exploration phase is performed using random sampling within the 
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specified parameter ranges. Subsequently, Bayesian optimization is ap-
plied using the expected improvement (EI) acquisition function, which 
is optimized by random sampling in the continuous parameter space.

Fig. 7(c) shows the optimization progress in terms of the best ob-
jective value found so far. After an initial rapid improvement during 
the random sampling phase, the Bayesian optimization stage efficiently 
refines the search and quickly converges toward the global optimum 
at 𝑓 (𝒙) = 0. This behavior illustrates the effectiveness of acquisition-
driven search in continuous spaces without discretization. Fig. 7(b) vi-
sualizes the locations of the evaluated points in the parameter space. 
While the initial random samples are broadly distributed, subsequent 
evaluations are concentrated near the optimum. This demonstrates how 
Bayesian optimization adaptively focuses sampling in promising regions 
of the continuous search space. Together, these results highlight the abil-
ity of PHYSBO to perform efficient Bayesian optimization directly in 
continuous parameter spaces using the range policy, avoiding the need 
for explicit discretization and enabling scalable optimization in higher-
dimensional settings.

6. Conclusion

In this paper, we have presented the major updates introduced in 
PHYSBO version 3, with a particular emphasis on usability, portability, 
and practical deployment in real-world physics and materials research. 
Rather than focusing on the introduction of fundamentally new opti-
mization algorithms, PHYSBO version 3 represents a systematic refine-
ment of the library to better support research workflows.

The updates described in this work address several long-standing 
challenges encountered in practical Bayesian optimization. Improve-
ments in computational performance and scalability enable stable use in 
large-scale optimization problems. Enhanced support for multi-objective 
optimization allows users to handle realistic research scenarios involv-
ing competing objectives. The introduction of range-based policies ex-
tends PHYSBO to continuous-variable optimization, improving flexibil-
ity. In addition, the removal of environment-dependent components, 
compatibility with modern numerical libraries such as NumPy 2, and 
the transition to a more permissive software license collectively improve 
portability, sustainability, and ease of integration.

Taken together, these changes reposition PHYSBO from a special-
ized optimization tool to a more general research infrastructure for 
Bayesian optimization. By lowering technical and organizational bar-
riers, PHYSBO version 3 enables researchers to more easily incorporate 
Bayesian optimization into computational and experimental studies, fa-
cilitating rapid iteration, reproducibility, and collaboration. Notably, 
the removal of the Cython dependency significantly enhances accessi-
bility for Windows users. Given that many experimental instruments op-
erate on Windows environments, this update facilitates the transition of 
Bayesian optimization from purely cyber-space simulations to physical-
world experimental research. These improvements ensure that PHYSBO 
is more easily integrated into modern AI-robotic research, positioning it 
to support future developments in automated and data-driven scientific 
discovery.
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