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Maximally localized Wannier functions (MLWFs) are conventionally constructed by iteratively minimizing a
spread functional over a high-dimensional gauge landscape. In this work, we present a non-variational construc-
tive algorithm that unifies gauge smoothing and the eigenvalue problem of the projected position operator into
a single deterministic framework. We demonstrate that discrete adiabatic transport across band degeneracies
emerges naturally as an integral part of the solution procedure for the position eigenvectors. In this transport-
aligned gauge, the Bloch overlaps exhibit an approximately linear phase dependence, allowing the Wannier
centers to be extracted via deterministic fixed-point iterations and self-consistent updates rather than spread-
functional minimization. Benchmark calculations for one- and two-dimensional systems yield spreads and
orbital shapes in good agreement with standard minimization schemes. Furthermore, this analytical approach
transparently isolates the physical origin of the O(L) mesh-dependent spread scaling (L being the boundary
seam resolution) observed in graphene, demonstrating that it is an intrinsic geometric manifestation of non-
commuting projected position operators forcing finite gauge defects to accumulate along a one-dimensional

boundary seam.

I. INTRODUCTION

Wannier functions (WFs) provide an orthogonal, localized,
and translationally invariant real-space framework for elec-
tronic states and have been systematically analyzed since the
early days of solid-state physics [1-5]. A central theme in the
historical development of Wannier theory has been the search
for exponentially localized WFs (ELWFs) [6-9]. Motivated
both by theoretical interest and practical needs for localized
basis sets, these studies laid the foundation for the framework
of maximally localized WFs (MLWFs), which has since be-
come a standard tool across condensed matter, materials sci-
ence, and photonics [10-14].

MLWFs enable the construction of tight-binding-like
Hamiltonians and facilitate quantitative analyses of polariza-
tion [15-17], orbital magnetization [18], and related prop-
erties, chemical bonding [19, 20], and photonic confine-
ment [21-23]. They also provide the foundation for develop-
ments in topological electronic and photonic devices [24-26].
In parallel, the Berry phase and Wilson-loop frameworks have
clarified the gauge structure behind WFs and their connection
to band topology [27-31].

The canonical approach to constructing MLWFs, estab-
lished by Marzari and Vanderbilt (MV) [10, 11], involves
the numerical minimization of a spread functional with re-
spect to unitary gauge transformations. While MV analyti-
cally showed that the minimum spread condition corresponds
to a maximally smooth Berry connection, perfectly flattening
this gauge is only possible in one-dimensional systems. In two
or higher dimensions, finding such a globally smooth gauge is
fundamentally obstructed by the geometric frustration arising
from the non-commutativity of the projected position opera-
tors, as explicitly formulated in the foundational works of MV
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[10, 32]. Standard algorithms resolve this non-commutativity
via an iterative spread minimization, which inherently acts
as a variational global optimization that distributes this un-
avoidable geometric gauge mismatch across the entire Bril-
louin zone [10].

To make the gauge search more robust against the choice
of initial conditions, significant advancements have been inte-
grated into widely used open-source codes [13, 14]. These
powerful refinements include optimized projections [33],
density-matrix based localized orbitals (SCDM-k) [34, 35],
and direct constructions via projected position operators in
three dimensions [36].

In this paper, we propose a non-variational constructive
algorithm by unifying gauge smoothing and the eigenvalue
problem of the projected position operator (equivalently, the
projected translation operator ¢'3%'%) into a single determinis-
tic framework. We demonstrate that discrete adiabatic trans-
port, justified by Kato’s adiabatic theorem [37-40], naturally
emerges as an integral part of the solution procedure for the
position eigenvectors. Rather than performing a variational
global optimization of a spread functional over the high-
dimensional gauge manifold, this transport directly aligns the
periodic parts of the Bloch functions across internal degenera-
cies to exhibit a linear phase dependence.

In this transport-aligned gauge, we derive a trigonometric
equation for the Wannier centers, which is solved by a de-
terministic fixed-point iteration termed the “sinc-loop”. In
the multiband case, the remaining numerical loops are fixed-
point iterations and self-consistent updates for explicit center
equations and projected-position matrices; they are not vari-
ational gauge searches over the spread functional. Crucially,
because our sequential extraction approximately flattens the
interior gauge along chosen one-dimensional strings instead
of globally distributing the geometric mismatch, it transpar-
ently isolates the gauge frustration inherent in 2D systems. By
applying our framework to graphene, we rigorously demon-
strate that the anomalous O(L) mesh-dependent spread scal-



ing (L being the boundary seam resolution) is not a numeri-
cal artifact, but an intrinsic geometric manifestation of non-
commuting projected position operators forcing finite O(L°)
gauge defects to accumulate along a one-dimensional bound-
ary seam.

The remainder of the paper is organized as follows: Sec-
tion II defines the system and notations. Section III details the
band peeling process via discrete adiabatic transport and its
formal equivalence to the projected position operator frame-
work. Sections IV and V introduce the constructive phase-
alignment procedure and the sinc-loop iteration for multi-
band systems. Section VI presents numerical benchmarks in
1D and 2D systems, culminating in the explicit reciprocal-
space analysis of the boundary seam and the macroscopic
spread divergence in graphene. Finally, Section VII summa-
rizes our conclusions.

II. DESCRIPTION OF THE SYSTEM

This section introduces the notation and definitions used for
1D and 2D isolated composite-band systems.

A. Bloch Functions

The Bravais lattice of the system consists of L¢(L € Z) unit
cells, Q = [0,1)4, which are labeled as follows:

M = (Z.), (1)

where,

L L

and it is assumed L is even. The set of lattice momenta of the
system is given as follows:
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K = {kzékn‘ne(ZL)d}, Sk

The interior of the lattice momentum (open) space is also de-
fined:

K; = {k::5k'n, ‘ ne (Z1)d}, “4)
where,
L L
Z,:{MEZ.—2<M<2}. ®)

The Schrodinger equation of the system is:
Hlwg) = glvi) k € Kin € Lo, (©6)

where A is the Hamiltonian operator of the system and {|y')}
and {€} } are the eigenvectors and eigenvalues of the operator,
respectively. The superscript n denotes the energy level or

band index of the eigenvector pertaining to the wave number
k. The eigenvectors, namely BFs, are further decomposed
into the following form:

[w) = L2 ), ™

where {|v},)} is the set of cell-periodic solutions of the fol-
lowing Bloch Hamiltonian eigenvalue equation:

H(K)|v,) = erlvi), ®)
where,

H(k) _ e—ik‘i:lfleikni, (9)

and {|v},)} are normalized as follows:

Wil = [ Th@pie)d’e = 1. (10)

The overline, e.g., V},, denotes the complex conjugate of the

respective variable. Since

VEki,kr €K,
Span{,) | m € Zooh = Span{ ) | m€ Zeo},
for all |f) satisfying:
VM €M, (z+ M|f) = (z|f), (12)
the following holds:
vk K, 1) = LI 01 13)
B. State Space of Composite Energy Band System
Let the set of the energy bands {n,,nyp, -+ ,n;} composing
the composite energy band under consideration be:
Ne = {na,np, -~ ,n:}, (14)

then the state space is spanned by the BFs described in Eq. (7):
Hce = Span{|yy,) : k € K;n € N¢}, (15)

To close the operation within H¢, the following projection
operator is introduced,

p?—tc: Z Z |Wie) (Wi - (16)

neNe keK

By using this, the following band projected operator is defined
and it suppresses components protruding from Hc, as well as
filters out components outside H¢ as the input:

A=Py APy, (17)



Another projection operator pertaining to the space spanned
by the local frame at k is defined as follows:

Pk)="Y Vi) (Vil. (18)

neNe

C. Wannier Functions

The WFs are defined as follows:

Wag) =LY e M £y
k.n
— 4 Ze—ihMeik»n”:fli«,qu)’
k.n

19)

with the condition:
<W]\\|41|W]‘\242> :5M1.M2631,527M17M2 EM, (20)

where M, M| and M, are the cell indices, and s indicates
the series index in the composite band system and n denotes
the band index. f;" is the (s,n) element of a unitary matrix
transforming the periodic parts pertaining to band n to those
pertaining to series, {|u}) }:

) = 31"

VY, 21

and hence, the WF belonging to the series s is expressed:
WS,) = L—d/2zefik-Meik-i|ui>. 22)
k

From Eq. (20),

He = Span{|yy,) : k€ K,n € N¢}

23
—Span{|Wi): MeMseNe}. >

III. BAND PEELING FOR A COMPOSITE BAND WITH
INTERNAL DEGENERACIES

We address an isolated composite-band subspace that may
have internal degeneracies, while being separated from the
rest of the spectrum by finite gaps throughout the Bril-
louin zone. We will also show that two ostensibly differ-
ent viewpoints—(i) eigenvalue equation for €%k and (i1)
the multi-band adiabatic transport— coincide to first order in
|6k|, and provide a first-order accurate smoothing of gauge
discontinuities in K;. We call this procedure band peel-
ing to distinguish it from the variational disentanglement
of Souza—Marzari—Vanderbilt [11], which selects an optimal
subspace from energetically entangled bands.

Furthermore, it is shown that the adiabatic trans-
port/projection in the current study is equivalent to Kato ’ s
parallel transport consistent with the gapless adiabatic frame-
work of Avron and Elgart [37-39], which eventually provides
a justification of the current procedures.

Throughout this section and the appendices, |v},) denotes
the local energy-ordered periodic Bloch frame at each k,
indexed by the band label n, whereas |u},) denotes the
peeled/transported frame indexed by the series label s.
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FIG. 1. (Color online) Schematic diagram of energy band peeling
across degeneracy points. In the traditional band labeling, as shown
with [v},), the bands are indexed locally in k-space in ascending or-
der from the bottom. On the other hand, the numbering indicated
with |u,) provides a smoother connection. Mathematically, |uj,) is
projected to Span{|V};, 5, }lm = 0,1} and becomes [u} , 5,.)-

A. Adiabatic change induced by ¢/%%®

As shown in Fig. 1, it is reasonable to assume that the
natural connection of energy bands might be achieved by
extending the energy bands with the adiabatic approxima-
tion [41, 42]. And hence, this section describes how the peri-
odic parts of BFs are transformed by the adiabatic approxima-
tion.

Let H (k) be the Hamiltonian and €"(t) be the instantaneous
eigenvalue of the system,

H(k)|v) = €" (1) V), 24)
where k is a function of time #:
k= k(). (25)

By expanding the transient solution |¥(z)) in the following
way:

() =Y che @O, (26)
n
and imposing the following equation:
L, d .
ih— [¥(1)) = H(k)[¥ (1)), 27)
we have (see Appendix A for details),

sk = L Ch VsV L OSK?), (23



which leads to the following transport picture,

(1 + 1)) {Z|vk+5k><vk+ak}zck|vk 00 (29)

with

_ % / "¢ (t)dr. (30)

When the initial condition is:
CZ = 5&,5’ (31)

after setting the dynamical factor to unity, the state at k devel-
ops to:

Uk or) = [¥(K +8K))

m m s (32)
= {Z IVerok) (Vk+5k} lug,) + (9(5k2).

Since the projection is summation over all bands in the
composite-band system and |u},) is projected to the closest
vector at k + Ok, the new indexing at k + &k no longer de-
pends on a particular local labeling of the energy bands de-
noted by m in Eq. (32), as shown in Fig. 1. Therefore, it elim-
inates at least the phase jump coming from band indexing.

B. Eigenvalue Equation for eiOkE

This subsection derives the solution procedure of the eigen-
value problem of the translation operator, /%% For this op-
erator the following equations hold:

ka sk VE Vi s) + O(8k?)

15k m()f

(w2 Wg)
(33)
(wit]e®#|Wg) =

9

and hence, it leads to the following equation composed of the
periodic parts (see Appendix B for details):

i = e PR Y L s ORIV k) +O(8K?). (34)

By multiplying |[v}) to both sides and summing over n, the
energy bands are reconstructed and the following projection
equation yields:

) = e {Z|vz><

The twist e "¥%®0 [43] has to be determined separately, so
that it reconciles the phase jumps across the border of the k-
space after summation over the k-space as seen in Eq. (33).
Before proceeding, we note explicitly that Eq. (35) reduces
to Eq. (32) once the twist is removed, g = 0, and the wave

o } i s) + OB, (35)

number is shifted as k — k + 0k:

)
Eq. (35) M) LAY {ka+5k <vk+5k}|”k>+0(|5k| )s

which is precisely Eq. (32).

C. Underlying Symmetry of the Adiabatic Expansion

The primary objective of this subsection is to explicitly
demonstrate that the discrete adiabatic transport (Eq. (32)) and
the eigenvalue equation of the projected translation operator
(Eq. (35)) are formally equivalent and originate from the same
first-order geometric transport.

Dropping the explicit time dependence of Eq. (29) is equiv-
alent to setting the left-hand side of Eq. (27) to zero. Equiva-
lently, for any orthonormal frame {|v}!)}, at k,

{Trmon} g

where the summation is performed over all relevant band in-
dices. Since |¥(k)) depends on ¢ only through k(z), the fol-
lowing equation then holds:

(k(1))) =0, (36)

6r{z|vz><v£|}d’“vk|w< =0, @7

where Ot is an infinitesimally short time duration. If {|u},)} is
a specific realization of |¥(k)), by replacing 8¢ (dk/dt) with
Ok, the following equation has to hold:

(o arvi) = (Lo} s - )

=0. (38)

Thus we arrive at Eq. (35) without the twist.

uy,) = {Zlvk vk}luk k) (39)

m

Therefore, the role of the adiabatic expansion/transport in the
present construction is to make the transported local subspace
spanned by {|u},)} as uniform as possible along the transport
direction. In this sense, the transport virtually removes one de-
gree of gauge discontinuity from the Bloch frame by enforcing
first-order consistency between neighboring local subspaces.

Although the adiabatic expansion is introduced from the
Schrédinger equation with the Bloch Hamiltonian A (k), the
Hamiltonian plays no direct role in the construction from
Eq. (36) onward. Its role in the peeling and in identifying
the eigenvectors of the projected position/translation operator
is only to specify the family of composite-band subspaces at
each k. The essential content of the adiabatic transport, as
expressed in Eq. (36), is that the periodic part should remain
unchanged to first order along the transport direction dk/dt,
and hence along Ok.



D. Kato’s transport and justification of the adiabatic transport
in the presence of internal degeneracies

In standard treatments of the adiabatic theorem, one typ-
ically assumes that the instantaneous eigenstates are nonde-
generate. Here we justify the use of Eq. (32) for isolated
composite-band systems in the presence of internal degener-
acy.

In the works of Kato, Avron and Elgart [37-39], the va-
lidity of the adiabatic theorem is investigated, and they have
shown that the approximation is valid even when gaps close,
as long as,

Pk)y= Y ph(vilec' (40)

meN¢

In their formula, the state at k evolves in the following way,

Weisk) = U(k)|[Pk), (41)

where,

U(k) = —iE (k)0 (k)

E(k)=i [ﬁ(k),ﬁ(k)] , 2

and k is a function of ¢ and the dot, e.g., P(k), denotes the time
derivative of the respective variable. The first order solution
is thus, given as follows:

U(k) =1—i8tE (k) +O(8k%), (43)

By limiting the initial states at k and final states at k + §k in
the composite energy bands (see Appendix C 1 for details),

P(k+ 8k)0 (k) P(k) = P(k+ 5k)P(k) + (5kVP(K))” P(k)
= P(k+ 8k)P (k) + O(|5k[?).
(44)
And hence, the following propagation/translation equation is
obtained,
P(k+ 5k)0(k) () lug,)
k+8k)P(k)|u,)

B(
{Z|Vk+5k Z#&k }{Zh’mz }|uk>
mp

= Z |Vk+5k> <Vk+6k |u.),
m

|u§c+5k>

(45)
which coincides with the geometrical parts of Eq. (32). There-
fore, Eq. (32) is justified at first order for isolated composite-
band systems even in the presence of internal degeneracies,
without assuming a uniform spectral gap, provided P(k) re-
mains C! along the path.

E. Correction to Eqgs. (32) and (35) based on Kato’s formula

There are two practical differences between Kato’s trans-
port and the first-order projection described by Eqs. (32) and
(35). First, the latter employ a one-sided finite-difference
step; this is not essential and can be improved by higher-order
schemes. Second, the overlap matrix between the frames
at k and k + 8k is not exactly unitary at finite mesh spac-
ing. We enforce unitarity by replacing it with the unitary fac-
tor of the polar decomposition via singular value decomposi-
tion (SVD) [43].

Writing the projected vectors as,

Z |vk+5k> <Vk+5k|”k
mGNC

|”k+5k ZMm,S|V7:+6k>a
m

(46)
where,
Mm,s = <V;cn+5k ‘Mi.), (47)

we compute the SVD M = VEIWT with £ = diag(oy,...,07)
and define the unitary polar factor,

Q=VW' (48)
The orthonormalized transport step is then,

=) Vs 55) Oms- (49)

m

|u;;:+5k>

IV. FIXING WANNIER CENTER AND INITIAL
CONDITION OF |u3,)

Since the parallel transport Egs. (32) and (35) alone do not
provide the initial condition of { /" } nor fix the Wannier cen-
ter xg, this section is devoted to solving these problems. It
should be noted, however, that when the following condition,

(g 1)

is satisfied, the periodic parts remain approximately orthogo-
nal, as detailed in Appendix C 2,

= 650,51 ) (50)

<u;c0+5k|uk:+8k> 550-,51 +O(6kz)- (51)

And hence, by provisionally setting,

[1y) = [Viey)» (52)
somewhere in the k-space, where the energy bands are reason-
ably separated, the obtained WFs are approximately orthogo-
nal up to the first order of 6k and resemble the right eigenvec-
tors of the projected translation operator except the Wannier
center and the initial value of {f,"}.



A. Fixing the Initial Condition of {f;"}

By using the provisional WFs {|w§)}, the right MLWFs,
{|W§)}, the eigenvectors of a position operator, have to be
obtained by applying a unitary transformation,

[Wo) = |wo) F', (53)

if expressed element-by-element:

[ [W0%) [Wlo) ... [Whemlg) ] =

R F .. R
FO gl pNe!

Ne—1 1 1 1

[18) by e .
0 1 Nc—1
Fy.—1 e FNCCA
(54)

By requiring |Wjp) to be the eigenvectors of the position op-
erator X, we have the following eigenvalue equation.

(Wol£|Wo) = F (wo|&[wo) F
= F'XF (55)
= A7

where, X is the matrix representation of & calculated with the
provisional WFs, {|w{)}, and A is the diagonal eigenvalue
matrix. F', the eigenvector matrix of the eigenvalue equation,
is easily obtained with a numerical library, such as the GNU
Scientific Library (GSL) [44]. And hence, the arbitrariness of
the initial condition of {f,"} is fixed and the Wannier centers
are obtained from A.

In the current study, {f;," } is provisionally fixed at k where
all energy bands in the composite system are separated with
reasonable sizes of energy gaps, e.g., ko = (7, 7) in the case
of lower energy bands of graphene,

f]:;()n = 6s,n- (56)

Accordingly, the initial condition is revised as follows:

f]sggl = Z 8]7,an,]7- (57)
p

B. Fixing Wannier Centers

By solving Eq. (55), the Wannier centers are, theoretically,
obtained as the elements of the diagonal eigenvalue matrix A.
In a numerical context, the values of X = (wyl|X|wy) are af-
fected by the concentration of w(x) = (x|wy), which recur-
sively depends on the Wannier centers given in A. Thus, an
iterative method to obtain the Wannier centers with theoreti-
cally guaranteed stability is introduced. In practice, the cou-
pled determination of X and A implied by Eq. (55) is handled
iteratively; this is a numerical solver for the explicit equations,
not a search or minimization over a spread functional.

In this subsection, the WFs are treated series by series
through Eq. (55), and hence the superscript indicating its se-

ries is dropped.

1. Wannier Group and Transformation

From the periodic parts {|ug)}, obtained from Egs. (33),
(55) and (57), we have a WF with a candidate Wannier center
r’

(War(r)) = L2y emhem @M1y ) p e [0,1)7. (58)
k

We further define sets labeled by 7,
Gr={IWat(r)): M cM}. (59)

Since the space spanned by the elements of each group has to
be identical,

Span{G,} = Span{G,} Vr,pec[0,1)‘. (60)
A transformation between them must exist, and it is given by:
d
[War(r)) = Z H sinc(My — Ny +ry — pu) (Wi (p)), (61)
N p=l1
where,

. sin Tx
sincx = , (62)
X

and the following approximation is utilized ( see Ap-
pendix D 1 for details and simplified calculations),
1

I 6111110 ¢ HM=N+r=p) — ginc(M —N+r—p). (63)
%

Matrix elements calculated by basis belonging to different
groups are also transformed in the following way,

Xt M, (r) = <WM1 (T)I)elWMz (r)>

d
= Z H SinC(Ml_u—NL,u +r,u_pu)'
Nl,Nzl.L:l

d
H sinc(Mz,,L —Nypy+ru— Pu)XNl ~, (P)-

u=1
(64)

2. Finding Wannier center of MLWFs

For the sake of conciseness and clarity, the derivation of the
method to obtain Wannier centers is done in a 1D model. The
multidimensional formulation is given in Appendix D 4.

A WF in 1D with a fractional shift r is given as follows:

1 N
Wit (r)) = ﬁzeﬂk’elﬂanuk). (65)
k



Let us assume that the right value r = xj is found, then the
following holds:

(Wit (x0)[£[ Wi (x0)) = S (M +x0). (66)
Equation (64) relates the above to a known, calculable value,
Xo,0(r) = (Wo(r)|£[Wo (7)), (67)
and using Eq. (D5), we have:
X070(r):Zsinc(M +xg — r)sinc(N +xo — r) Sy v (M +x0)
M.N

_ sin2zlxo—r) (68)
2

X 1s implicitly related to xo via the right-hand side of
Eq. (67). And hence, the following two iterative dynamics
are identical,

P = (Wo (r™) £ Wo (7)), (69)

sin(27(xg — "))

n+1
r =
275

+r, (70)

where n appearing on the shoulder of 7 is the iteration number.
The former (Eq. (69)) is used for the actual numerical calcu-
lation, while the latter (Eq. (70)) reveals the underlying math-
ematical structure and is used to prove convergence. Through
the iteration described in Egs. (69) and (70), the following
holds, as detailed in Appendix D 2.

lim 7" = xp. (71)
n—oo
This fixed-point dynamics is illustrated by the cobweb dia-
gram in Fig. 2.

Note that Eq. (73) itself is a solvable equation with given
Xo0(r) with no iteration. The numerically obtained X o(r),
in reality, contains errors coming from the specific settings.
Applying the iteration, therefore, appears to be a better choice.
Even in multi-dimensional cases, by letting,

X, 1y (%0) = Oty My Outy y My Oty vy . (M1x+30), (72)
the following similarly holds, as described in Appendix D 4,

sin27m(xg —
Xoo(r)zigs LI (73)

and hence the above argument also applies.

Alternatively, rather classical derivation and the numerical
verification are found in Appendix D 3.

For later numerical sections, the overall constructive nu-
merical workflow is summarized in Fig. 3. The iterative part
of this workflow should be understood as a solver comprising
fixed-point iterations and self-consistent updates for center pa-
rameters and projected-position matrices, not as a variational
spread minimization.
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FIG. 2. Cobweb diagram for the fixed-point iteration 7+ = * +
sin[27(xg — )]/ (27) (mod 1). The dashed line denotes r"! = 7",
For any start ry # xo £ % (mod 1), the iteration converges to xo with
a cubic (third-order) local rate.

Input:
Bloch subspace on k-mesh { [v"(k)) }

or links M) (k)

1

Decide Direction of Position Operator

1

Adiabatic Peeling / Transport
Transport along the k direction per-
pendicular to the chosen operator

(eg, & = kg = ki)

Build Provisional WFs

1

Solve Eigenvalue Problem
Form the projected operator matrix

Ko = (Wg(r)] & WG (x))
Diagonalize X = FAF! and rotate the series

1

Sinc-Loop / Fixed-Point Update
Update center parameter(s) A

Construct [W(r)) from the transported frame ]

Converged?
[ Avew — Aguall < tol

Output:
MLWFs { |[W3;) }, centers, spreads,

and the transported smooth frame

FIG. 3. Flowchart of the constructive numerical workflow used in
the later results sections. The algorithm combines adiabatic peeling
with fixed-point iterations and self-consistent updates of the Wannier
centers and projected-position matrices, followed by sequential ex-
traction of localized orbitals.



V. SINGLE-BAND SYSTEM

Before moving to benchmarks, we specialize the general
framework to an isolated single band, where the gauge group
reduces to U(1). In this limit, it is easier to see how the phase
flattening done by the transport actually contributes to mini-
mizing the spread, since the spread functional is reduced to
an analytic Euler-Lagrange equation, a k-space Poisson prob-
lem.

In a single band system, ;" is reduced to:
1= €% g € R, (74)
and hence, the BFs and WFs are expressed as follows:

yi) = L2y
War) = 7 Lie *Me® @ uy) (75)
i) = €'%]vi).

A. Berry Connection

By introducing 6 (), the phase of vg (), as follows:

vi(x) =

the Berry connection (vg|vy,_gz) for — < k < 7 is calculated
as follows:

vie(x) ] @) (0(z) € R), (76)

(Vi|Vi—s1) = (Vi |vie) — Sk vk | Vi |vie) + O(8k?) a7
=1—i8k- A +O(5k?),
where,
Ak = —i<vk\Vk|vk>. (78)
By utilizing,
Vi [ d'aj(a) 0. (79)
Ay is also expressed as follows:
Ay, = /ddw|vk(w)\2vkek(w). (80)

Note that Ay is decomposed into the transverse and longitu-
dinal part:

Ap=AF+Vior, Vi -AL=0. (81)

B. Minimum Spread Condition

To find out a constraint on ¢, in K;, the functional equation
for the minimum spread is reviewed. The spread of a WF with

its center at xg is calculated as follows [10]:
o(a?) = Wol (& —20)’|Wo) @)
<W0‘332|W0> wOa

where xg is the Wannier center. The minimum spread is there-
fore achieved, when the following is minimized:

(#%) = (Wo|2*[Wo)
1
= ﬁ Z(Vkuk|Vkuk>
k

= L [ @ (Tulsnla)) + (o) (T B+ 0008

(83)
By utilizing Eq. (80) and approximating the summation with
integration, the functional derivative of Eq. (83) is given as
follows [45-48],

547 [¢] d d
< 50 > nddS/dk/d ve(

Vi (61 () + O + €Ax) [

e=0 (84)
2
- /ddk(Ak+Vk¢k) Vi,

2 "
= —E/ddklk (Vi - Ap +Arfr),

where Ay is the Laplacian operator in the k-space, and Ay, is an
arbitrary trial function satisfying the following(see Eq. (3)):

Aks| 5 = 0. (85)

Thus, the minimum spread condition is expressed in the fol-
lowing partial differential equation (see Eq. (4)),

AP +Vi- A =0, ke Ky, (86)

Denoting a particular solution by ¢,8, we have a family of so-
lutions,

O = ¢+ k- o, (87)

where k - x( represents a homogeneous solution. Hence, the
Berry connection made of {|ug)} is,

Ay = Ap+ Vi (88)

Thus,
Vi -Ap=0. (89)
If the band admits an ELWF and an MLWEF, and if, in addition,

Al =0, (90)



then Eqgs. (86) and (89) have a solution of the form,
Ay = —x. o1
From the above,

(urelun 1 5k) = (uro|{Jur) + 8k - Vig|ug)} + O(5K?)
= (up|ug) +i8k - Ay + O(5k?) 92)
=1-iSk-xzo+ O(5K?).

The last line is the infinitesimal form of a phase-plane relation.
Indeed, to first order in the mesh spacing,

1—i8k-xo = e %0 L O(5K?). (93)
Equivalently, if k(¢) is a path in K; and

(1) = arg(u(o)lur())
then Eq. (92) gives the first-order phase equation

do :
y7i k(1) - xp. (94)
Integrating this relation along a link from k; to k; gives the
finite-link phase factor. For a finite link, the numerical overlap
may also have a positive modulus. Since the present discus-
sion concerns the phase-plane relation, this positive modulus
is understood to be separated off, and only the unit-modulus
phase factor is written explicitly below. In vector form and in
the two-dimensional component form used below, this phase
factor is

Sraelun luy) _ ,—i(ka—ky)-xo

95)

= el —ka)xo pilkry—kay o

where k;,k, € K;. The first line follows from the constant-
connection condition Eq. (91), while the second line is the
two-dimensional component form of the same phase factor.

Equivalently, Eq. (95) gives the following phase-plane
equation:

arg(u, |ux,) = (k1 —k2) - o

= (k1X — kZX)XO + (k1y — kzy)y(). (96)
Thus Eq. (96) is the equation of a tilted plane for the over-
lap phase. The slopes of this phase plane are the components
of the Wannier center. This relation is the link between the
transport-aligned gauge and the later center-fixing iteration.
The first line of Eq. (95) with ¢y = 0 is also obtained from
Eq. (35) and Eq. (51). Hence, {|uj,)} generated by the adia-
batic transport satisfy the minimum spread condition, in this
curvature-free case.

C. Wannier Center

The above argument fixes the gauge only up to a global
constant in K; and the specific value of x( is not determined.
We determine the x( using Eqgs. (69) and (70) by reconciling
the slope in the interior and the jump across the boundary of
the k-space.

VI. RESULTS AND DISCUSSION

The purpose of the section is to validate the formulations
in the previous sections. Therefore, not only the comparison
of spreads with published results but also the key equations
are numerically verified with graphical representation of the
results.

The calculation of the matrix elements of the projected po-
sition operators is the most important part of the procedure
and there are two ways to perform it. In Secs. VI A and VIB,
the relevant projected-position matrices are first evaluated di-
rectly in real space from the coordinate representation of the
WFs, and the spreads are then computed from the resulting
MLWFs via Eq. (106). In Sec. VIC 1, the same projected-
position information is extracted in k-space from the overlap
links.

These two approaches are theoretically equivalent. The for-
mer is more straightforward, whereas the latter is more com-
putationally efficient. Thus, this section discusses not only the
numerical results and the actual implementation, but also the
procedural differences.

A. 1D Systems

This section focuses on verifying the formulations in 1D
systems, for it allows us to see the essential parts of the for-
mulation in simple settings.

As the solution procedure of the BFs, a scaling function
method [49] with Symlet-4 [50, 51] is employed. The num-
ber of divisions in one unit cell, N, is indicated in figures
and tables. As a reference for the spatial accuracy, the posi-
tion eigenvectors obtained by spatially solving the eigenvalue
equations of N¢L-by-N¢L position operator matrices are also
shown [49] and denoted ”Matrix” in the figures.

Since all energy bands appearing in this section do not have
degeneracy, the numerical procedure begins from the eigen-
value problem described in Sec. IV.

1. Matrix elements of X

In 1D cases, the real-space evaluation of the projected-
position matrix elements Xy, ,, is explicitly calculated as fol-
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FIG. 4. (Color online) Phases of the inner products of the periodic parts of BFs. n;, denotes the band index. The axes are scaled by 7. In
panels (a) and (b), arg((vk, [v,)) is evaluated from the raw unprocessed periodic parts and is shown as the corrugated surface (purple in the
online version), whereas arg((u, |ug,)) is evaluated after the transport/phase-alignment procedure and is shown as the flatter surface (yellow in
the online version). Accordingly, the raw overlap phase need not be planar, while the processed overlap phase becomes approximately planar;
this distinction is especially visible in panel (b), where the raw surface remains corrugated whereas the processed surface is flattened. Regions

where the two semi-transparent surfaces overlap appear darker (brown in the online version). In panel (c),

Uy) denotes the periodic parts of the

position eigenvectors obtained by solving the spatial position operator matrix. The band indices are denoted as the superscripts of i, showing
that the overlap phases are also approximately planar, with slopes corresponding to the Wannier centers.

(@ n,=0

0.0

FIG. 5. (Color online) A graphical representation of Eq. (68). Thin
curves, Xoo(r) = sin2m(xg — r) /27w + r, are drawn with varying xo,
and the thick ones are drawn with x( obtained through the iteration
of Egs. (69) and (70). Each dot is plotted by calculating X o(r) =
(Wo(r)|%|Wo(r)) with the actual WFs with varying s.

TABLE I. Comparison of spreads, 62 = (W|{£— (W |£|W)}2|W), ob-
tained from different methods.

Calculation condition c?

Vo Band Ref. [52] Matrix Current
—0.2 x 212 0 0.03 0.03  0.03
—02x27% 1 0.12 012 0.12

lows:
(W IW7) = (W3 e o b iWi?)

_ / (W) daex (x| W2 97)

20 (a)nb =0 ———— Matrix
: \ Current
/\
1.0 /\
\
0.0 / N
(b)ny =1 2 —==— Matrix
1.0 [\ Current
{ \
0 \1/ ‘\\/
-1.0
-4 -3 -2 -1 1 2 3 4

e

FIG. 6. (Color online) Profiles of the MLWFs. Those obtained by
the current method are indicated ”Current”. The results indicated
”Matrix” are obtained by solving the spatial position operator matrix.
ny at the left upper corner of each panel denotes the band index. In
all panels, N =40, L =200 and V(x) = Y. Vp0(x —n) with Vy =
—0.2(27%) [52].

In the overall algorithmic workflow, this real-space matrix is
subsequently diagonalized via Eq. (55) to determine the Wan-
nier centers. The final spreads are then evaluated from the
resulting MLWFs via Eq. (106).

2. Single Band Systems

The potential energy employed is of Kronig-Penney type,
V(x) = Y. VoS (x—n), with Vo = —0.2(272) [49, 52]. The spa-
tial and k-space resolutions are N = 40 and L = 200, respec-
tively.

As seen in Fig. 4, the overlap phase of (u; |u;, ) exhibits
an approximately linear dependence on k; — kp, indicating
that the phase surface is approximately planar, consistent with



Eq. (96). The visually apparent 180° folds are simply branch
cuts arising from the principal-value phase wrapping into
[-m,7) and do not imply any non-planarity of the underly-
ing geometric phase surface.

Fig. 5 graphically shows the validity of Eq. (68). Although
Xo is obtained through the loop formed by Egs. (69) and (70),
the right Wannier center xo can also be obtained by fitting a
few plots of X , with the sinc function.

Figure 6 shows the profiles of the MLWFs, and the curves
obtained by the current method agree well with those obtained
by the spatial matrix solver. The calculated minimum spreads
are summarized in Table I, and the values obtained with the
current method agree well with previous studies.

3. Composite Band Systems

The calculation results are compared with published results
[49, 53]. The potential energy employed is of Kronig-Penney
type, V(x) =Y Vo6 (x—n). The spatial and k-space resolutions
are N = 48 and L = 200, respectively. The specific value of
W is indicated in the captions of Figs. 7 to 9.

As seen in Fig. 7, the overlap phase surfaces appear to be
approximately planar, consistent with Eq. (96). Similar to the
single-band case, the visible sharp steps are merely branch
cuts due to phase wrapping modulo 27.

As shown in Fig. 8, as in the single-band cases, the actu-
ally calculated {X{ , } represented by dots lie on the minimum-
spread lines represented by thick curves.

Figure 9 shows the profiles of the MLWFs and the curves
obtained by the current method agree well with those obtained
by the spatial matrix solver, series by series. The calculated
minimum spreads are listed in the Table II and those obtained
by the current method are as small as the published results.

FIG. 7. (Color online) Phases of the inner products of the periodic
parts of BFs. The composite band consists of #0 and #1 in panel (a),
and #0 to #3 in panel (b) [53]. In panel (a), arg((u;, |uy,)) of series
#0 and #1 of the two-band system with Vj = —0.661 are plotted on
ki-ky-plane. In panel (b), those of #0 to #3 with Vj = +0.661 are
plotted. The axes are scaled by 7 in the panels, and the visible folds
occur when the principal value crosses =7 because the plotted range
is restricted to [— 7, +7).

FIG. 8. (Color online) A graphical representation of Eq. (68) in
composite band systems. The composite bands consist of #0 and
#1 with Vj = 0.661 in panel (a) and #0 to #3 with Vj = 4+0.661 in
panel (b) [53]. Thin curves, X§,(r) = sin2z(xy — r) /27w + r, are
drawn with varying xy. The thick ones are drawn with x; obtained
through the iteration of Eqgs. (69) and (70). Each dot is plotted by cal-
culating X o (r) = (W (r)[£[Wg (r)) with the actual WFs with varying
s.

———— Matrix
1.0 (a) A/><\/\A ——— Current
0 S N e
-1.0
———— Matrix
(b) ——— Current

1.0
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] o

FIG. 9. (Color online) The profiles of the MLWFs in composite band
systems. Those obtained by the current method are indicated ~’Cur-
rent”. The results indicated "Matrix” are obtained by solving the spa-
tial position operator matrix. The composite band consists of #0 and
#1 in panel (a), and #0 to #3 in panel (b). In both panels, the spatial
and k-space resolutions are N = 48 and L = 200, respectively, and
the potential energy is V (x) = Y V6 (x —n). In panel (a) Vy = 0.661,
and in panel (b) Vy = +0.661 [53].

B. 2D Square Potential

This section presents the calculation procedures, imple-
mentation and results of a numerical model. The system con-
sists of a unit square with a step-function-like potential well,

V(xay) = {

The periodic boundary condition is employed on the four sides
and the calculations are carried out in the unit cell and k-space
both having 32 x 32 resolution.

1(x,ye[1/2,3/4])

. (98)
0 (otherwise).



TABLE II. Comparison of spreads, 62 = (W|{% — (W|£|W)}?|W),
obtained from different methods.

Calculation condition o?

Vo Bands Ref. [53] Matrix Current
0.661 Oto3 0.29 029 031
-0.661 Oto 1 0.27 027 029

1. Numerical procedure

The energy bands are first peeled from each other with the
following equation derived from Eq. (32):

o) = {E MLl k) 09)
m
with the initial condition:
‘u;co> = |V;c0>’ (52)

where, ko = (0,0) and s indicates the peeled energy band (se-
ries) number.

The projection (transport) is applied outward from the cen-
ter to all k-points, as schematically depicted in Fig. 10. Specif-
ically, the bases defined on the line k, = O are transported
along the k, direction toward the boundaries at k, = £7.

The directions of the transport and that of the position op-
erator are, theoretically, desired to be consistent. In this cal-
culation, the direction of the transport does not show any dis-
cernible effect on the results. The square-potential calculation

n

n2

r(0,0)

—n/2

-n —n/2 n2 n

FIG. 10. (Color online) A schematic diagram of transporting the
bases at the center all over the k-space.

below follows the general workflow already summarized in
Fig. 3. After the peeling, the following two equations are re-
peated alternately until a predetermined convergence criterion
is met. The matrix elements are first calculated with a set of
provisional WFs with {|u},)} calculated by Eq. (99),

X" = (Wo(A" 1) |g|Wo (A" 1)), (100)

With the estimated matrix, X", the following eigenvalue
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problem is solved,

A = F'X"F, (101)
and hence the unitary matrix F' and the Wannier centers are
obtained. As the iteration proceeds, the matrix X approaches
a diagonal form, namely,
lim ||A" — X"|| — 0, (102)
n—yo0
Because of the convergent nature of the sinc-loop described in
Sec. IV B 2, we use A = 0 as the initial value in the current
study. For the same reason, Eq. (100) can be repeated with a
convergence criterion before proceeding to Eq. (101).
Since y( cannot be obtained from Eq. (100) alone,
yg,m+1 — <W6Y,n (XBJZ ,yé’m) |y/\| Wg,n (x87117y8,l'n)> ) (103)
is inserted to have convergence of yy, prior to Eq. (101).
When the convergence is reached, the series with the small-
est spread is removed from the bases. From the symmetry of
the system, X is replaced with y and the same iteration is re-
peated. For the final WF, Wannier center is obtained by simply
repeating the single-element version of Eq. (100).

2. Peeling

The left half of Fig. 11 shows the energy bands obtained by
solving the Schrodinger equation of the system. The right half
shows the peeled energy bands defined as follows:

e = Y |(up Vi) Pep, (104)
n

where & is the original energy as a function of the energy
band index n and the wavenumber k. As circled in Fig. 11,
the original energy band curvatures have rather abrupt folds,
for the band numbering is simply done according to the mag-
nitude of the local energy in the k-space. After performing the
procedure described by Eq. (99), the folds disappear by nat-
urally connecting and bending the original energy band cur-
vatures. This is only for visualization of the effect of the adi-
abatic transport, and the reconstruction of the band curvature
per se does not have any effect on the calculation of the spread.

The significance of Eq. (99) is also seen in the discrete curl
of the diagonal connection Aj, = —i{u},|Vi|uj,) evaluated on
the original and processed periodic parts of the BFs, namely
{[Vi,)} and {|u},)}, as shown in Fig. 12. Here, this quantity is
used solely as a frame-smoothness diagnostic.

For a smoothly tracked nondegenerate Hamiltonian eigen-
band in a spinless P7 -symmetric system, the gauge-invariant
Abelian Berry curvature vanishes pointwise wherever it is de-
fined [54, 55]. The quantities shown in Figs. 12 and 17 are
not intended to represent the physical Berry curvature. Before
transport (Fig. 12(a)), the raw energy-ordered frame changes
discontinuously near internal band intertwinings, and the dis-
crete curl of the diagonal connection is contaminated by band-
index switching artifacts. After transport (Fig. 12(b)), the curl



FIG. 11. (Color online) Energy bands #3, #4 and #5 of the 2D square
potential system (L=36). The left half shows the original energy
bands and the right half shows adiabatically peeled energy bands.
Strong bends are observed in the circled parts of the original energy
band curvatures on the left side, while the bends are relaxed by the
adiabatic transport via connecting multiple numbers of the original
curvatures.

of the diagonal connection becomes approximately zero in the
interior, confirming a smooth transported frame. The residual
finite values strictly localized near the boundary are the geo-
metric seam defects of the transported frame, which is consis-
tent with the exact diagnostics ((ué and Oy ) analyzed later in
Section VIC.

FIG. 12. (Color online) Scaled curls of the diagonal connection (used
here as frame-smoothness diagnostics) of the square potential model
(L=36), defined as 6k|V x Ag|, where Ay, denotes the corresponding
diagonal connection of the frame being plotted, before and after the
adiabatic transport. A scale factor of 40 is applied to the smoother
low-amplitude diagnostic surface obtained after transport so that it
can be shown alongside the rough high-amplitude diagnostic surface
before transport in the same figure; these two surfaces are distin-
guished by color in the online version. After realigning the original
Bloch frames, the curl of the diagonal connection becomes approxi-
mately zero in the interior, while finite values remain on the bound-
ary seam. Most of the rough pre-transport variations in this case are
caused by the intertwining of the locally energy-ordered bands.
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3. Solving the Position Eigenvalue Problem and Identifying the
Wannier Center

Following the adiabatic transport, the iteration based on
Egs. (100) and (101) is applied. The purpose of the follow-
ing phase plot is to verify the phase-plane relation in Eq. (96)
in two dimensions. The second lines of Egs. (95) and (96) are
precisely the component form used in this numerical plot. As
seen in Fig. 13, the processed overlap phase is well approxi-
mated by this planar surface. The visible folds are artifacts of
the principal-value wrapping of the phase into [—7, ) and do
not indicate a breakdown of the underlying phase-plane rela-
tion. The same behavior is observed when the roles of k, and
ky are interchanged.

FIG. 13. (Color online) Phase of the overlap (uj, |u}, ) with fixed
ky for the square potential model (L=36). The figure on the left
side shows the three overlap-phase surfaces of the three MLWFs
with ky, = 0. They are approximately the same plane, since all
three MLWFs share the same Wannier center xg = (1/2,1/2) as the
slope indicates. The visible folds occur when the principal value
crosses £, because the plotted range is restricted to [—7,+7). The
four surfaces on the right side correspond to one of the MLWFs at
ky = —m,—m/2,0,47/2, respectively. To show them distinctively,
the planes are elevated and separated by 7 /4, even though they are
essentially the same plane.

FIG. 14. (Color online) The three MLWFs are shown in panels (a),
(b) and (c). To show the negative parts of the MLWFs, they are drawn
with transparent surfaces. Panel (d) shows all three MLWFs. The
white rectangle objects are added to indicate 3 x 3 unit cells.



TABLE III. Wannier Centers and Spreads of Square Potential Model.

Series#‘ X0 ‘ Yo ‘ Gsz

1 10.50{0.50{0.24
0.50{0.50(0.24
3 ]0.50{0.50|0.28

Figure 14 shows the MLWFs obtained from the periodic
parts and the Wannier centers. The MLWFs in Fig. 14(a),(b)
and (c) are solutions of the following equations,

£Wg) = x0|Wg)

FIWE) = yo|Wg)
(X+9) W) = co|Wp)-

(105)

Since they have the same Wannier centers, it is possible to
achieve stronger localization by linearly combining some of
them, although it is not pursued in the current study.

The spatial calculation of Wannier centers and the spreads
are defined by the following equations,

o = (Wo|2|Wo)

(106)
= (Wsl(& —20)*|W5),

and the results are listed in Table III.

C. Graphene

This section focuses on MLWFs of graphene. The entire
calculation is performed in the oblique coordinate system and
hence the coordinate (&, 7) is transformed to (x,y),

()-( A2 ()

The wavenumbers are also in the oblique coordinate system
and denoted (kg ,kn). The final spreads and Wannier centers
are presented in the Cartesian coordinate system.

First-principles calculations were carried out using QUAN-
TUM ESPRESSO (QE) [56-58]. The spatial resolutions were
set identical to the k-space resolutions. The calculations are
carried out by changing the resolution from 12 x 12 to 36 x 36
in the k-space; the corresponding centers and spreads are sum-
marized later in Table IV. The link variables were taken as the
raw nearest-neighbor overlaps (viy|vy, ke ) provided by the
WANNIER90 (W90) [13, 14, 59] 1nterface where 0k, con-
nects a mesh point to its near neighbors (see Appendix F for
notation). These links are used to evaluate the matrix elements
of the position operators, as shown later in this section.

As a setting of the QE calculation, we choose five Wannier
functions consisting of two C — p, orbitals (7 manifold) and
three bond-centered orbitals (o bonds), providing a minimal
chemically-motivated set for graphene within the five-band
subspace used to build the overlap matrices ( see Appendix E

(107)
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for details).

While five energy bands, from #0 to #4 are provided to the
W90, lower four energy bands, #0 to #3, are fed into the cur-
rent computational program. Eventually, three MLWFs are
obtained both from W90 and the current program.

In the case of graphene, the chosen sequential extraction
from the composite subspace isolates a component that in-
evitably accumulates a topologically obstructed intermediate
state. Therefore, the specific 4-band pruning and deflation se-
quence detailed in Fig. 15 is devised to execute the “More
MLWE? ” loop of the general flowchart (Fig. 3).

The calculation results are presented in this section and the
spreads are compared with those obtained from W90 under
the very same conditions to check the validity and utility of
the current method.

1. Matrix elements of X

Instead of using BFs of graphene, the links,{(v}' [v;})},
generated by W90 are utilized. By using the links, the cal-
culation of the matrix elements of the position operator, for
example, are performed as follows:

W W) = 75 T e e 2
ki,ks
=i Z uk,‘aku|”22>5k1=k2
ki.ko

:iZ<ui‘\8kx\u§3>
mZ{ b 45 ) (k)5 i)
=35, L fs,:;;;‘{ R A

A LA Y v PR

+O(8k)
(108)
At the very beginning of the calculation, the basis vectors are
expressed as,

f2=1{1,0,0...,0}

fr=10,1,0...,0}
(109)

Ne=l —40,0,0...,1},

for all k, in place of (x|v},). Every matrix transformation is
done on the bases {fj. }, and the inner product must always be
done with the links, as seen in Eq. (108).



2. Peeling

In the graphene calculation, the initial condition in Eq. (52)
is imposed at ko = (7, 7) in the oblique reciprocal coordi-
nates (kg,kn). This choice fixes the initial local frame used
for the adiabatic transport. It is different from the initial value
of the Wannier-center parameters, which is set to A = 0 in the
center-fixing update described below.

The left half of Fig. 16 shows the energy bands obtained
from W90. The right half shows the peeled energy bands
defined by Eq. (104). As circled in Fig. 16, the original

Start
Input: 4-band frame, J = 4

Stage 0 (pruning)
Peeling direction: &
Run sinc-loop (iterate until converged)
Remove worst-localized state (discard)
Update: J : 4 — 3

!

Stage 1 (deflation)
Peeling direction: &
Run sinc-loop (iterate until converged)
Remove/extract MLWEF1 (store)
Update: J : 3 — 2

!

Stage 2 (deflation)
Peeling direction: 7
Run sinc-loop (iterate until converged)
Remove/extract MLWF2 (store)
Update: J : 2 — 1

!

Stage 3 (deflation)
Peeling direction: (§ + 1)
Run sinc-loop (iterate until converged)
Remove/extract MLWF3 (store)
Update: J : 1 — 0

!

End
Output: MLWF1-3,J =0

FIG. 15. Flowchart of the 4-band peeling/deflation procedure used
for graphene. Stage 0 (pruning): &-direction peeling and the sinc-
loop, then discard the least localized state (J : 4 — 3). Stages 1-
3 (deflation): repeat peeling and the sinc-loop, then extract/store
MLWF1-3 sequentially using the &, 1, and (€ + 1) directions
J:3—22—=>1—=0).

energy band curvatures have rather abrupt folds, for the band
numbering is simply done according to the magnitude of the
local energy in the k-space. After performing the procedure
described by Eq. (99), the folds disappear by naturally con-
necting and bending the original energy band curvatures.

The significance of Eq. (99) is seen in the discrete curl of
the diagonal connection calculated with the original and pro-
cessed periodic parts of the BFs, namely {|v},)} and {|uj,)},
as shown in Fig. 17. As in the square-potential case, this di-
agnostic is not the gauge-invariant physical Berry curvature
of a smoothly tracked Hamiltonian eigenband. In the present
spinless PT-symmetric setting, that physical curvature van-
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FIG. 16. (Color online) Energy band #0 to #4 of graphene (L=22).
The left half shows the original energy bands and the right half shows
adiabatically peeled energy bands. Strong bends are observed in
the circled parts of the original energy band curvatures on the left
side, while the bends are relaxed by the adiabatic transport via con-
necting multiple numbers of the original curvatures. (kg,kn)—axis
corresponds to the oblique reciprocal coordinate spanning the prim-
itive parallelogram cell [—m, ), rather than a conventional high-
symmetry path (such as I'-M-K-I') in the hexagonal Brillouin zone.

FIG. 17. (Color online) Scaled curls of the diagonal connection (used
here as frame-smoothness diagnostics) of graphene (L=22), defined
as 8k|V x Ay, where Ay, denotes the corresponding diagonal con-
nection of the frame being plotted, before and after the adiabatic
transport. A factor of 40 is applied to the smoother low-amplitude
diagnostic surface in panel (b) so that it can be shown together with
the rough high-amplitude diagnostic surface in panel (a); these two
surfaces are distinguished by color in the online version. In panel (a),
the diagnostic is rough throughout the Brillouin zone because the
raw energy-ordered frame is globally affected by band intertwinings
across the composite subspace. In panel (b), it becomes nearly zero
in the interior for the lower three peeled series, while finite variations
remain on the boundary seam. These seam-localized variations are
the boundary gauge defects analyzed later in Figs. 22-24.

FIG. 18. (Color online) Phase of the overlap of graphene (L=22),
(uy,, luy,, ), with fixed ky. The figure on the left side shows the three
overlap-phase surfaces of the three MLWFs with kp = 0. The slopes
reflect &ps of the corresponding MLWFs. The Wannier centers cor-
respond to & = 1/3,5/6,5/6. The visible folds occur when the
principal value crosses £, because the plotted range is restricted
to [—m,+m). The four surfaces on the right correspond to one of
the MLWFs at kyy = —m, —7/2,0,+7/2, respectively. To show them
distinctively, the planes are elevated and separated by 7 /4, although
they are essentially the same plane.



FIG. 19. (Color online) MLWFs of graphene (L=22). The three
MLWFs are shown in panels (a), (b) and (c). To show the nega-
tive parts of the MLWFs, they are drawn with transparent surfaces.
Panel (d) shows all three MLWFs together. The rectangular objects
(gold-colored in the online version) are added to indicate 3 X 3 unit
cells. The Wannier centers of the MLWFs seen in panels (a),(b) and
(c) are (0.25, 0.15), (0.50, 0.58) and (0.75, 0.14), respectively.

TABLE IV. Centers aligned by matching (row permutation only).
Units: A. Values rounded to two decimals.

L WF# Current W90
QA% x @A) yo @A) QA xA) yo (A)
12 1 086 -0.62 -0.35 1.15 -0.63 -0.36
2 1.06 0.00 0.71 1.58 0.01 0.72
3 1.26 0.62 -0.35| 0.92 0.62 -0.36
22 1 1.16 -0.62 -035| 0091 -0.63 -0.36
2 1.58 0.00 0.72 0.99 0.00 0.72
3 1.91 0.62 -0.37 1.03 0.63 -0.36
30 1 143  -0.62 -0.35 1.47 -0.63 -0.36
2 1.99 0.00 0.72 1.48 0.00 0.72
3 2.47 0.62 -0.37 1.49 0.63 -0.36

ishes pointwise. Before transport, the raw energy-ordered
frame is globally affected by band intertwinings across the
composite subspace, so the corresponding diagnostic appears
rough throughout the Brillouin zone. After transport, the di-
agnostic becomes nearly zero in the interior of the Brillouin
zone, whereas finite O(L") variations remain concentrated on
the boundary seam. Those seam-localized variations are pre-
cisely the geometric defects quantified later by a)é(k) and

Omin (K3 6k[3)
3. Obtained MLWFs and their Wannier Centers

Following the adiabatic transport, the iteration based on
Egs. (100) and (101) is applied. The same phase-plane in-
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terpretation applies to graphene, but now in the oblique co-
ordinates used for the honeycomb lattice. Namely, the sec-
ond line of Eq. (96) is read with (ky,ky;x0,y0) replaced by
(kg,kn3&o,Mo). As seen in Fig. 18, the processed overlap
phase is well approximated by this planar surface. The vis-
ible folds are artifacts of principal-value phase wrapping. The
same behavior is observed when the roles of kg and k; are
interchanged. Hence the slopes of the phase plane give the
individual components of & = (&, Mo)-

Figure 19 shows the MLWFs obtained from the periodic
parts and the Wannier centers. The WFs in Fig. 19(a)—(c) are
solutions of the following equations,

NWo) = 10[Wo)
EIWg) = &olWg)
(& +m)W5) = Lolws)

The 4-band pruning/deflation sequence used for graphene is
summarized in Fig. 15.

(110)

4. Practical convergence of the center-fixing update

We briefly record the practical convergence behavior of the
center-fixing updates used in the graphene calculation. The
center update is not a minimization of the spread functional,
but a fixed-point/self-consistent solution of the projected-
position matrix elements and the associated Wannier-center
parameters. Here J denotes the number of remaining branches
in the pruning/deflation sequence. In the calculations shown
here, the center parameters are initialized by A = 0. For
the branch-center update, convergence is monitored by the
squared displacement in the underlying (&, no) variables,

Aén _ (éénJrl) _één>)2+(n(§n+l) —Tlé”>)2~

In the implementation used for Fig. 20, the branch update is
iterated until Aé n < 10~3, with at least five iterations imposed
to avoid premature termination.

Figure 20 shows a representative L = 22 graphene run for
the J = 4,3,2 stages, together with the mesh dependence of
the selected J = 3 branch corresponding to MLWF1. For the
L = 22 run, the highlighted precursor branch at the J = 4
stage, the MLWF]1 branch at the J = 3 stage, and the MLWF2
branch at the J = 2 stage terminate after 14, 6, and 5 plot-
ted iteration points, respectively. The final J = 1 step yields
MLWF3 and is omitted from the figure for compactness; it
is a single-branch update and also converges within five it-
erations. For L = 12,18,20,22,26,30, and 36, the final val-
ues of the selected J = 3 MLWFI branch remain nearly un-
changed, xp = 0.2483-0.2512 and yp = 0.1403-0.1416 in the
plotted coordinate convention. Thus the center update is sta-
ble with respect to mesh refinement in this isolated graphene
composite-band subspace. For stronger internal degeneracies,
or when projected-position eigenvalues become nearly degen-
erate, branch assignment may require additional checks. The
separate problem of selecting an optimal subspace from ener-



(® L=22, J=3
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(c) L=22,J=2 (d) MLWF1, J =3, L =12 ~ 36
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FIG. 20. (Color online) Practical convergence of the center-fixing updates in graphene. The four panels, from left to right, show the iteration
trajectories of (xg,yo) for a representative L = 22 run at the successive J = 4,3,2 stages of the pruning/deflation sequence, followed by the
mesh dependence of the selected J = 3 branch corresponding to MLWF1. Here J denotes the number of remaining branches in the composite
subspace. Throughout the figure, solid and dashed curves denote xy and y, respectively. In the first three panels, the red curves indicate,
respectively, the precursor branch removed at the J = 4 stage, the MLWF1 branch selected at the J = 3 stage, and the MLWF?2 branch selected
at the J = 2 stage. In panels (a) and (b), markers are omitted because the trajectories are too dense for marker symbols to be helpful. In
the rightmost panel, the selected J/ = 3 MLWF]1 branch is shown for L = 12,18,20,22,26,30, and 36; colors distinguish L, while the same
solid/dashed convention distinguishes xy and yg. The horizontal axis is the iteration count actually performed. No interpolation or artificial
extension of the trajectories is used. The plotted coordinates are the dimensionless transformed coordinates (xg,vo) = (& — 10/2,v/3M0/2),
not real-space Wannier-center coordinates in units of A. The selected MLWF1 center remains nearly unchanged over the full range of mesh

sizes.

getically entangled bands is outside the scope of the present
work.

5. Spreads and reciprocal-space diagnostics

The obtained centers and spreads are compared with those
from W90 in Table IV. Figure 21 compares the spreads
of the graphene MLWFs as a function of L. The spreads
obtained from the real-space integration (squares) and from
the reciprocal-space finite-difference functional [10, 13, 14]
(circles; see Appendix F) agree well with those from W90,
thereby confirming the validity of the adiabatic transport, pro-
jected position operator eigenvectors, sinc-loop and the prun-
ing/deflation workflow.

Although the orbital shapes and Wannier centers agree well
with those from W90, the spreads increase approximately lin-
early with L as shown in Fig. 21. This resolution dependence
is understood by following the procedures shown in Fig. 15
one-by-one.

(1) J =4 — 3. Starting from the four-band subspace, we di-
agonalize é and remove the least localized state. At this stage,
as seen in Figs. 24(b) and (f), the transported J = 3 subspace
becomes smooth in both link directions, as Gmin(k;Skﬁ), a
measure of the closeness of adjacent local spaces spanned by
{|u,)} (see Appendix F), is nearly flat and close to unity
throughout the Brillouin zone. Thus, the neighboring lo-
cal subspaces spanned by {|uj,)} are almost identical. This
Omin =~ 1 behavior serves as the direct visual confirmation of
Eq. (36).

(i) J =3 — 2. After MLWFI is extracted, the seam is
exposed and two complementary diagnostics become relevant.
For the extracted series s = 1, we define the diagonal link

1

mp (k) = (ki 15, ), (111)

1 ! | ' ! I | ! 1
30— MLwr —O— Current (k-space)
| —— MLWF2 —D— Current (real space 1
25— MLWR3
& 20
NS
T 15
L
)
1.0 =
=TS o m_
05 \{ -
0.0 ] 1 ] [ 1 [ ] 1 ]

12 18 20 22 26 30 36
k-space resolution L

FIG. 21. (Color online) Spreads of the three graphene MLWFs as a
function of the k-mesh resolution L. Squares: results of the present
method evaluated in real space via Eq. (106). Circles: results of the
present method evaluated in reciprocal space from the link matrices.
Triangles: WANNIER90 results evaluated in reciprocal space from
the same link matrices.

and its singular value O'ﬁ1 (k)= \mll3 (k)|. Because thisisa 1 x 1

overlap matrix, Gé is simply the absolute value of the link
itself. We then define the corresponding single-state kernel

1 1 2 1 2
(k) =1 [oﬁ(k)} :lf’mﬁ(kz)‘ (112)
Figure 22 shows that (oé (k) is concentrated on the boundary

seam, while Fig. 23(a) shows that its representative maximum
value remains strictly constant as L is increased, thus (Dé (k) ~



(a) L=12

FIG. 22. (Color online) Single-state geometric defect wlli(k) car-
ried by the extracted MLWF1 in graphene. This quantity is defined
as w;;(k) =1- |<M;c‘u;c+6k5>|2’ isolating the geometric distortion
of the one-dimensional subspace along the link direction 3. Panels
(a)—(c) display its distribution in the oblique reciprocal coordinates
(kg ,ky ) for mesh resolutions L = 12, 22, and 30.
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FIG. 23. (Color online) Resolution dependence of the local geo-
metric defects on the boundary seam in graphene. (a) The max-
imum value of the single-state spread kernel carried by MLWF1,
maxg, a)ll3 (k), plotted against the mesh resolution L. (b) The absolute

minimum of the subspace-level diagnostic, ming, Opin (k; 8kp), for
the residual J = 2 subspace. Both quantities appear L-independent,
providing direct numerical evidence that the local gauge mismatch
on the seam remains an O(L%) geometric constant.

FIG. 24. (Color online) Principal-angle diagnostic o, (k; 8ke) of
the transported subspaces in graphene (L = 22). The upper panels
(a)—(d) show the diagnostic evaluated along the &-direction (& = &),
while the lower panels (e)—(h) show it along the n-direction (ot = 7).
The initial transported J = 3 subspace is globally flat near unity in
both directions. After extracting MLWF1, the residual J = 2 sub-
space remains flat along & but exhibits broad dog-ear-like depres-
sions near the boundaries along 1.
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O(L) on the boundary.

The residual J = 2 subspace left behind after the extraction
shows the same seam geometry at the subspace level. As vi-
sualized in Fig. 24(c), it stays approximately level in the k-
direction, faithfully preserving the 1D uniformity mandated
by Eq. (36). However, it inevitably develops dog-ear-like
cliffs in ky-direction along the boundary seam, as Fig. 24(g)
clearly illustrates where the geometric frustration is concen-
trated. The magnitude of this geometric defect is measured
by the floor of Gin(k; 6kp), which is likewise L-independent
and of the order of O(L?), as explicitly shown in Fig. 23(b).

The linear growth of the total spread Q! is therefore not
caused by a local divergence of the spread kernel. Rather,
what grows with L is the macroscopic number of seam links
that carry this finite defect. Using the discrete reciprocal-
space measure Vg = wg/N}, introduced in Appendix F, the
seam contribution to the spread is estimated as

Al ~ Y. vpay(k).

keseam

(113)

On a uniform L x L mesh, the discrete measure evaluates
to vg = O(L?), and the number of grid points along the
1D boundary seam is #{k € seam} = O(L). As rigorously
evaluated in Appendix F4 and shown in Fig. 23, both the
single-state and subspace-level diagnostics remain strictly fi-
nite (O(L)) on this seam. Thus, the macroscopic integration
strictly yields a linear divergence:

A'Qgeam - O(L)
The observed scaling in Fig. 21 is therefore a geometric con-
sequence of a boundary-supported O (L") mismatch accumu-
lated over an O(L) seam, not a numerical artifact. Ulti-
mately, this O(L) spread scaling is an intrinsic physical sig-
nature of the 2D gauge frustration stemming from the non-
commutativity of the projected position operators [10, 32]. As
originally established by MV, iterative minimization schemes
handle this non-commutativity variationally—distributing the
geometric incompatibility globally across all reciprocal direc-
tions to achieve a minimum total spread [10]. In stark con-
trast, our deterministic sequential extraction mathematically
forces the gauge to be flat along the chosen one-dimensional
strings. This strict 1D flattening inevitably sweeps the entire
geometric frustration into the 1D boundary seams, manifest-
ing perfectly as the O(L) scaling. While subsequent multi-
dimensional iterative optimization [10, 13] could be applied
to redistribute this concentrated defect and reduce the to-
tal spread, isolating this exact geometric manifestation falls
precisely within the scope of our constructive and analytical
framework.

(114)

VII. SUMMARY

We proposed a non-variational constructive algorithm to
build maximally localized Wannier functions (MLWFs) that
unifies gauge smoothing and the eigenvalue problem of the
projected position operator into a single deterministic frame-



work. Rather than treating gauge alignment and center deter-
mination as separate steps or minimizing the spread functional
over the gauge manifold, we demonstrated that discrete Kato
parallel transport across band degeneracies emerges naturally
as an integral part of the solution procedure for the position
eigenvectors.

By directly aligning the periodic parts of the Bloch func-
tions, this transport suppresses band-index swaps and approx-
imately linearizes the overlap phase in the interior of the Bril-
louin zone. Operating within this transport-aligned gauge, we
introduced a sinc-kernel transformation that maps the Wannier
center search to deterministic fixed-point iterations and self-
consistent updates for explicit center equations and projected-
position matrices, rather than spread-functional minimization
over the gauge manifold.

Benchmarks on 1D models, a 2D square potential, and
graphene yield Wannier centers and orbital shapes in good
agreement with standard gradient-based minimization (e.g.,
W90). Furthermore, because our sequential extraction works
to flatten the interior gauge instead of globally distributing the
geometric mismatch, it transparently isolates the physical ori-
gin of the O(L) spread growth observed in graphene. The fi-
nite O(L°) local defects accumulated on the one-dimensional
boundary seam strictly integrate to an O(L) macroscopic
spread growth. This confirms that the resolution-dependent
spread divergence is an intrinsic geometric manifestation
of non-commuting projected position operators. Remaining
challenges include addressing the non-uniqueness of projec-
tion directions for co-centered WFs and managing directional
incompatibilities during multi-step extractions.
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Appendix A: Supplemental Calculation for Adiabatic Expansion

The eigenvalue equation of the system is defined as follows:

A(k)|vk) = €"(t)Iv), (Al)

where g,(r) is the instantaneous eigenvalue of the Bloch
Hamiltonian. The transient solution of the system satisfies the
following equation:
L d N
ih—[*¥(1)) = H(k)[¥ (1)), (A2)
where the solution is decomposed into the instantaneous
eigenstates of the system:
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(2(1)) =Y ch(t)e " D), (A3)
where,
0" (1) = %/l e"(t)dr. (A4)

The time derivative of |¥(¢)) is calculated in two ways:
()
At
d

n n\ ,—i0"
E \P(t)> = _ﬁ ch8,1|vk>€ <t)

i n n d n —iQ"
Vi _hck(t)en(t)|vk>+ckdt|vk>}e 6

(A5)
Hence, we obtain the equation for c};:

an n\ —io" n dV” —ign
YO ==Y a5 0)e 0. (a6

By multiplying (v}| from left, we have:

dct!
k: Z Lt
thus the first order forward differencing in time yields:
Cp(t+8t) =i (1)

RN vk|dvk (1))@ O-0"0) 4 O(872).
(A8)

t)>ei(9m(l)*9n(l))’ (A7)

Hence, we obtain

Chrsk = Ck — ch5k (VI |V [V )0 (1) =0" (1)
=+ LSk (Vi i )e! " =)

=i+ Y {0 slvi) — VR Ivi) } @000
n

ZCZL‘FZC’;@ (ViersiVe) 5mn} i(6"(1)=0"(1)
= L0 selvh)e O"0=0"0) L O(|5K[),
(A9)
and hence:
Chsok = ch VirsnlVi)e (87 (0)—6% +O(|5k|)
(A10)

The general solution at r = + 8¢ or k = k + 6k is therefore

Ye10"(0), (A1)

[P (t+01)) = ch%k“’rl:%k e
m



If the initial condition is,
Cr, = Onngs (A12)

then, after removing the dynamical phase factor, we obtain

78 k+5k {Z|vk+6k <Vk+6k|}|”k >+O(|5k\ )s

(A13)
which reproduces Eq. (32).

Appendix B: Equation for Berry Connection Derived from
Eigenvalue Equation for Translation Operator

When WFs defined by Eq. (22) satisfy:

(Wi |e%R 2 W) = R =0 (yWe), o € [0,1) (B
for k € K;:

LOW 12 Ws) = V(| § P00 2 i)
P

= (Rl Y PR, )
=0k |”§c75k>p (B2)
= (k! ;f;‘faﬂvﬁfék)

=Y A sk ki sn)s
n
and also,

<w |el(3km|W> 15km0< mlefzkmzetpmw >

p
= 20 ()

= M)

15k: mOfS Jm
)

(B3)

and hence, it leads to the following equation composed of
the periodic parts:

fl.:;m _ 715k x( ka 5k ‘Vi78k>+0(|5k|2)7 (34)

By multiplying |v},) to both sides and summing over n, the
energy bands are reconstructed in the following way:

i) = L)
_Z{Z S s VEDVE- 5k>}IVZ1>ei5’“‘f”0
_ {; |v',:><v;:|} {z v f;,nske_,»sk.wo}
= {Z |V'£><V?§|} 1 _s) + O 5K[),

m

(B4)
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which gives the following projection equation:
i) =% ()01 {0+ OU3KP), 39)
m

which is also nearly identical to:

|t s1) = W (1 + 81))

n (32)
= {Z e s1) (e s } ) + (9(5k2).

Appendix C: Supplemental Calculation Related to Kato’s
Formula

1. Supplemental Calculation to Kato’s Formula

Since
—iP(k+ 8k)E(k)P(k) = P(t + 1) [ ‘(r),ﬁ(r)} Pa)
= P(t+ 81)P(1)P(1)P(r)
—P(t+80)P(1)P(1)P(1)
- (P(t) +StP(r) + 0(&2)) P()P()
= 5tP(1)P(1)P(t) + O(512)
= 81kEVP(k)kVP(Kk)P(1) + O(81%)
= O(8k?),
(CI)
and,
U(k) =1 —iStE (k) +O(5k%), (C2)
the following holds,
P(k+8k)U(k)P(k) = P(k+ 8k)P(k) + (6kV13(k))2ﬁ(k)
= P(k+ 8k)P(k)+ O(|5k[?).
(C3)
2. Supplemental Calculation for (51)
By definition,
P(k) = P(k(1)) = P(1), (C4)
where,
P(k) =) Vi) (Vil. (C5)
Since,
P(t)P(t) = P(1),
d A~ A A4 s (C6)
R (P(t)P(r)) = P(t)P(1) + P(1)P(r)



the following holds,

P(k) = P(k)P (k) + P(k)P(K), (e7)

where P(k) € C! is assumed. By multiplying P(k) on both
sides of the above equation, we have,

N

P(k)P(k)P(k) = 0. (C8)
Thus,

P(k+8k) = (k:)+6tP( )+ (Skz)
ﬁ(k)f’(k—&-Sk)P(k)z (k)+5tP( )13( )A( )+0(5k2)
= P(k) + O(5K?).

(C9)
And hence, if the following holds,
(uy) | ) = By (C10)
the equation below follows:
<k+6k|”k+8k ”k|{z|vk+6k k+8k|}
{ Z |vk+6k k—lkék|}|u;¢|>
’ZO’"‘ (C11)
= (uy [P(Kk + 5K)|uy, )
= () |P(k)P(k+ 8k)P(k)|u)
= (2 |P(k)|wy}) + O(8k?)
= 8.5, + O(5K?).

Appendix D: Sinc and Wannier Centers
1. Calculation related to sinc

In one dimension, the expansion of a WF by another set of
WF becomes as follows:

=L Walr
=L { % Yttty } Wa(r)) 1)
m k

=Y sinc(m—n+r—s)|Mu(r)),

(r)[Wa(s))

When the summation over the k-space is approximated by an
integral, the following is used in the present paper:

27m 271'
li . x m =
Lgrolo 27 Ze ( L )

1 4 ik(x—m)
= dk
2 /777,'6

= sinc(x —m).

lim — elk x—m)
Sk—0 L Z

D2)
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The following identities are used to calculate the matrix ele-
ment transformation:

Zsinc(s +m —n)sinc(s+m) = 0.

m

(D3)

The above equation is easily checked by putting it back to the
form of Eq. (D2).

By utilizing the following identity [60],

1
—— = T cotmx, (D4)
m+x
the following summation rule is obtained:
. 2 B sin® 7rx
;(m +x)slnc (m +.x) = Z(m +x) m
- sin’ mx Z 1
2 m+x (D5)
sin® 7rx
= 5— L COLTX
T
L 27
= —sin27x
27 ’

2. Convergence of " to x

The convergence of the iteration is examined by introducing
the following function:

F(r)y=r+ % sin(27(xo — r)) (mod 1). (D6)
Since
|d};( | =1-cos(2m(xo—r)) <1, (0<xo—r<1/4),
D7)
Xo is an attractor [61]. Therefore, letting,
en =2n(xo—r") € (—m, 7|, (D8)
we have,
en1 = e, —sine,, lent1| < |en| for |e,| < m, (DY)
Since
len| < m, (D10)
we find,
lent1] < len, (D11)

with equality only at e, = +=7. This means the error becomes
always smaller in any step of the iteration. Therefore,

lim ¥" = xg. (71)

n—soo



The order of convergence is cubic. When ¢, << 1, from
Eq. (D9),

€n+1 :en_(en gen)
(D12)
_ 1 3
- gen
and hence,
: |en+1| _ 1

=_. (D13)

3. Direct Derivation of Sinc-Loop

Since the initial corrugated Berry connection is swept flat,
the swell developed over the border carries all the informa-
tion. By segregating the cross-border term out of the summa-
tion, the matrix element of ¢/%%* is estimated by solving the
following simplified equations:

n—8k
LW ()X Wo(r)) = Y (uelugs)e®
k:§+6k (D14)
+ <u(1ﬂ|82iﬂ)?|u§)r_5k>e—2iﬂr'
And we assume the phases of {|u,)} are aligned and,
(ulug—sx) =1, (k € Ky), (D15)
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and,

L(1+ a(r))e®000) (1 7 xo)
L(1+ at(x0))e® 0 (r = xq)
_ (D16)
where o(r) is a factor expressing the deviation of €% from
being unitary.

b

L{Wo(r) || Wo(r)) = {

a(r) = | (Wo(r) ™S Wo(r))| -1~ O(3K),  ©17)

and by definition,

a(xp) = 0. (D18)
Except for the cross-border term, the right-hand-side of
Eq. (D14) is basically proportional to 0k regardless of the
value of r. Thus, the task is to find x¢ which least disturbs the
proportionality. By simultaneously solving Egs. (D14) and
(D16) for r = x¢ and r # xg, we have:

L(l + a(r))eiSkXvo(r) — (L— l)eiSkr + <u9n|62"”f|u(7)[75k>672"m

L1+ @(x0))e0 = (L~ 1) €50 4 (u ™ ul)_ sy,
By using 6kL = 27, we have,

14 a(r)L+i(1 4 a(r)2aXeo(r) — 2mir = ™0 4+ O(8k).
(D20)
And hence,

(14 a(x0))27(Xoo(r) —r) = sin27(xo — 7) (D21)
1+ o(r)L=rcos2m(xo—r).

The first line of Eq. (D21) is a reproduction of Eq. (73) with

the deviation factor a(r) ~ O(8k). And the second line

shows the relationship between o/(r) and r. The verification

of Eq. (D21) is shown in Fig. 25.

4. Supplemental Calculation for Eq. (73)

For,

X, ., (®0) = 6M1‘X7M2‘x 6M1,yaM2‘y 6M1,Z»M2‘z (M) x+x0),

(D22)
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FIG. 25. (Color online) Verification of Eq. (D20) in single- and composite-band cases. N¢ denotes the number of the energy bands composing
the composite band systems. 7, indicates the energy band index of the single-band system. The series numbers for composite-band cases are
labeled #0, #1, #2, #3 from the left side of a unit cell. Panels (a) to (d) correspond to Figs. 5(a), 5(b), 8(a) and 8(b). The MLWFs are found in

Figs. 6 and 9.

Xoo(7) is calculated as follows:
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Appendix E: Calculation Setting for Graphene

A hexagonal cell (ibrav = 4) with a = 4.602 bohr
(2.435 A) and ¢ = 18.408 bohr (9.74 A) was used, con-
taining two carbon atoms at fractional coordinates (0,0,0)
and (1/3,2/3,0). Plane-wave cutoffs of ecutwfc = 100 Ry
and ecutrho = 500 Ry were adopted. Brillouin-zone sam-
pling employed an N x N x 1 mesh (e.g., 26 x 26 x 1),
and Methfessel-Paxton smearing with degauss = 0.01 Ry
was used. For the Wannier analysis we used W90 with
num_bands = 5 and num_wann = 5 on the same k-mesh (e.g.,
mp_grid = 26 26 1), starting from initial projections consist-
ing of C-p_ orbitals and three bond-centered s-like orbitals.

Appendix F: Reciprocal-space formulas and seam diagnostics
for graphene

This appendix reformulates the standard reciprocal-space
spread expressions [10, 13, 14] to provide a rigorous theoret-

Z Sinc(Ny x + 1y — X0 )sinc(Nax + 1y — x0) 8ny , Ny (N1.x +X0)

sinc(Ny y + ry)sinc(Na y, + ry) O, oy } {

}

Z sinc(Ny ; + r;)sinc(No ; + ;’1)51\/1A271\;27Z

o ineen)
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ical basis for the O(L) scaling observed in Sec. VIC. The
purpose is to explicitly evaluate the geometric gauge defects
using two complementary diagnostics, the single-state overlap
o, and the subspace-level overlap Ompip.

1. Nearest-neighbor overlaps and discrete measure

For each nearest-neighbor link 8k, (@ € N), we define the
overlap matrix

Mgy (k) = (ug|uy 5, )- (F1)
We also introduce the discrete measure
Wa
Vg = — N = F2
o Nk ) k ( )

so that the weights do not appear explicitly in the local kernels
discussed below. On a uniform mesh, vq = O(L?). Using



Eq. (F2), the Marzari—Vanderbilt decomposition becomes
Q=0;+Qop+Qp, (F3)

with

Q=Y vq (JZ\MF,‘,(’C)|2>7 (F4)
k.o

; $,p
Qop =Y va Y |ME(K)[, (E5)
k.a  s#p
Qp=Y vo ) [SlogM&(k)+Ske -a}]”.  (F6)
k.o s

The seam analysis below uses only the amplitude part of the
links. The phase contribution in Qp belongs to the full spread
functional, but it is not needed for the curvature diagnostics
introduced here.

2. Single-band(series) distortion carried by an extracted
MLWF

For a fixed extracted series s, we consider the diagonal link
my (k) = Mg (k) = (up|ug, 55, )- (F7)

Because this is a 1 x 1 overlap matrix, its singular value is
simply

0y (k) = |my (K)| - (F8)
We then define the corresponding single-state kernel by
oy (k) = 1~ [0} (k)]* = 1~ |my (k). (F9)

Equation (F9) is the explicit relation between o, and ;.
Thus wf, measures how far the one-dimensional subspace car-
ried by the s-th Wannier series departs from perfect continuity
across the link dky. No logarithmic phase term is included
here, because the present diagnostic is meant to isolate the
curvature of the carried one-dimensional subspace itself.
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3. Subspace-level diagnostic for the residual transported space

The complementary diagnostic for the transported J-
dimensional subspace is the minimum singular value of the
full overlap matrix:

Omin(k; 8kg) = mino;(M*(k)) = cos Oax. (F10)

1

The associated defect is
do(k) =1-02 (k:0kqy). (F11)

Equation (F10) measures the mismatch of the neighboring J-
dimensional transported subspaces, whereas Eq. (F9) mea-
sures the geometric curvature of the one-dimensional sub-
space carried by a particular extracted MLWE. Both quanti-
ties are evaluated strictly in reciprocal space using the unified
discrete measure V.

4. Order evaluation of the boundary seam defects

Appendix D 3 shows that the interior links along each trans-
ported string are flattened, so the nontrivial geometric mis-
match is pushed entirely to the boundary seam. Let 3 de-
note the link direction in which the seam appears after the
first extraction. The order evaluations of the single-state
and gubspace-level diagnostics on this boundary are strictly
oL’):

o} (k) = O(L°)
dp (k) = 1~ 02 (k: Skg) = O(L)
(F12)

Equivalently, the singular values themselves exhibit a constant
O(L) floor:

oy (k) = O(L)
Gmin(k;Sklg) = O(LU)

(k € seam).

(k € seam). (F13)

These finite O(L?) evaluations confirm that neither the single-
state nor the subspace-level local kernels develop any anoma-
lous L-dependent divergence. The macroscopic accumulation
of these local defects over the seam, which yields the O(L)
scaling of the total spread, is explicitly evaluated in Sec. VIC.
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